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MATING SIEGEL QUADRATIC POLYNOMIALS 

MICHAEL YAMPOLSKY, SAEED ZAKERI 


Abstract. Let F be a quadratic rational map of the sphere which has two fixed 
Siegel disks with bounded type rotation numbers 8 and v. Using a new degree 3 
Blaschke product model for the dynamics of F and an adaptation of complex a 
priori bounds for renormalization of critical circle maps, we prove that F can be 
realized as the mating of two Siegel quadratic polynomials with the corresponding 
rotation numbers 8 and v. 
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1. Introduction 

1.1. Mating: Definitions and some history. Mating quadratic polynomials is 
a topological construction suggested by Douady and Hubbard [po2|l to partially 


parametrize quadratic rational maps of the Riemann sphere by pairs of quadratic 
polynomials. Some results on matings of higher degree maps exist, but we will not 
discuss them in this paper. While there exist several, presumably equivalent, ways 
of describing the construction of mating, the following approach is perhaps the most 
standard. Consider two monic quadratic polynomials fi and f 2 whose filled Julia sets 
K(fi ) are locally-connected. For each f l , let denote the conformal isomorphism 
between the basin of infinity C \ K{fi ) and C \ D, with $j(oo) = oo and $'( 00 ) = 1. 
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These Bottcher maps conjugate the polynomials to the squaring map: 

C y K(fi) —~C\D 



C y K(fi) C Y D 

By the Caratheodory’s Theorem the inverse map has a continuous extension 

<!>, ' : dB - ./(/,), 

where the Julia set J(fi) = dK(ff) is the topological boundary of the filled Julia set. 
The induced parametrization 

7 i(t) = QT 1 ^) : T = M/Z -> J(fi) 

is commonly referred to as the Caratheodory loop of </(/*). Note that by the above 
commutative diagram, 7^(2 1) = fi(ji(t)). Consider the topological space 

X = (K(fi) U iC(/ 2 ))/( 7l (t) ~ 72 (-*)) 

obtained by gluing the two filled Julia sets along their Caratheodory loops in reverse 
directions. 

Definition I. Assume that the space X as defined above is homeomorphic to the 
2-sphere S 2 . Then the pair of polynomials (/i,/ 2 ) is called topologically mateable. 
The induced map of S 2 

fi Ur /2 = (/iky U / 2 |jr 2 )/(7i(f) ~ 72 (~t)) 
is the topological mating of f\ and / 2 . 

ft may seem surprising at this point that topologically mateable quadratics even 
exist, however, we shall see below that such examples are abundant. For any mateable 
pair (/i,/ 2 ), their topological mating is a degree 2 branched covering of the sphere, 
and it is natural to ask whether it possesses an invariant conformal structure. 

Definition II. A quadratic rational map F : C —> C is called a conformal mating, or 
simply a mating , of /i and / 2 , 

F = fiU f 2 , 

if it is conjugate to the topological mating f\ VAj- f 2 by a homeomorphism which is 
conformal in the interiors of K(ff) and K(f 2 ) in case there is an interior. If such F 
is unique up to conjugation by a Mobius transformation, we refer to it as the mating 
of ,/j and / 2 . 

Before proceeding to formulate the known existence results, let us describe another 
equivalent method of defining a mating. Let © denote the complex plane C compact- 
ified by adjoining a circle of directions at infinity, {oo • e 2mt \t G T} with the natural 



MATING SIEGEL QUADRATIC POLYNOMIALS 


3 


topology. Each /* extends continuously to a copy of © i; acting as the squaring map 
z i —> z 2 on the circle at infinity. Gluing the disks © i together via the equivalence 
relation ~oo identifying the point oo • e 2mt G © : with oo • e~ 2mt G © 2 , we obtain a 
2-sphere (© x U © 2 )/ rs-'oQ . The well-defined map /i LR f 2 on this sphere given by fi 
on ©• is a degree 2 branched covering of the sphere with an invariant equator. We 
shall refer to this map as the formal mating of f \, / 2 . 

Recall that the external ray of fi at angle t is the preimage 

Ri(t) = <I\ x {{re 2mt \r > 1}) 

for t G T. Let Ri(t) denote the closure of R,(t) in ©^ The ray equivalence relation 
on (© x U © 2 )/~oo is defined as follows. The points z and w are equivalent, z~ r w 
if and only if there exists a collection of closed rays Rj = Ri(tj), i G {1,2} and 
j = 1,... ,7i, such that £ G R\, w G R n and Rj D Rj+i ^ 0 for j — 1,... ,n — 1. It 
follows immediately from the definition that if f\ and / 2 are topologically mateable, 
then the quotient of (© x U © 2 )/~oo modulo ~ r is again a 2-sphere, and 

(/l Lljr ff)/ r ^ J r — fl LIT fi- 

Finally, let us formulate another definition of conformal mating, equivalent to the 
previously given, but more convenient for further application: 


Definition Ila. Let f\ and / 2 be quadratic polynomials with locally-connected Julia 
sets. A quadratic rational map F of the Riemann sphere is called a conformal mating 
of fi and / 2 if there exist continuous semiconjugacies 

<Pi : K(fi) —> C, with tpi o fi = F o 

conformal in the interiors of the filled Julia sets in case there is an interior, such that 
<pi(K(fi)) U 99 2 (A'(/ 2 )) = C and for i,j = 1, 2, <Pi(z) = <Pj(w) if and only if z~ r w. 


We are now prepared to give an account of known results. The simplest example of 
a non-mateable pair is given by quadratic polynomials f ci (z) = z 2 + C\ and f C2 (z) = 
z 2 + c 2 with locally-connected Julia sets whose parameter values c\ and c 2 belong 
to the conjugate limbs of the Mandelbrot set. In this case the rays {-Ri©)} and 
(i? 2 ©)} landing at the dividing fixed points ot\, a 2 of the two polynomials have 
opposite angles (see e.g. HMI3H ). This implies that «i~ r a 2 , and it is not hard to 
check that the quotient of (© 1 U © 2 )/~oo modulo ~ r . is not homeomorphic to the 
2-sphere. 

Recall that two branched coverings F and G of S 2 with finite postcritical sets Pp 
and Pq are equivalent combinatorially or in the sense of Thurston if there exist two 
orientation preserving homeomorphisms <f, ij> : S 2 —> S 2 , such that <foF = G oif, and 
if is isotopic to (p rel Pp. Using Thurston’s characterization of critically hnite rational 
maps as branched coverings of the sphere (see EH), Tan Lei and Rees [[Rel ] 

established the following: 
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Theorem. Let c\ and C 2 be two parameter values not in conjugate limbs of the 
Mandelbrot set such that f Cl and f C2 are postcritically finite. Then the map F is 
combinatorially equivalent to a quadratic rational map, where F is either the formal 
mating f Cl Ujr f C2 or a certain degenerate form of it. 


Taking this line of investigation further, Rees [[Re2| 
strated: 


and Shishikura [Shi demon- 


Theorem. Under the assumptions of the previous theorem, f ci and f C2 are topologi¬ 
cally mateable. Moreover, their conformal mating f Cl U f C2 exists. 


The case where the critical points of f Ci are periodic was considered by Rees, the 
complementary case was done by Shishikura. Note, in particular, that when none of 
the critical points is periodic, the Julia sets are dendrites with no interior, which makes 
the result particularly striking. An example of this phenomenon is analyzed in detail 
in Milnor’s recent paper [[mu in which he considers the self-mating F = f Cl/i U / Cl/4 , 
where the quadratic polynomial / c is the landing point of the 1/4- external ray of 
the Mandelbrot set. It is not hard to deduce that F is a Lattes map, its Julia set 
J(F) = C is obtained by pasting together two copies of the dendrite J(/ Cl/4 ). 

The issue of topological mateability is usually settled using the following result of 
R. L. Moore [ [Mo|| . Recall that an equivalence relation ~ on S 2 is closed if x n 
y n ^ V and x n ~ y n implies x ~ y. 


x , 


Theorem (Moore). Suppose that ~ is a closed equivalence relation on the 2-sphere 
S 2 such that every equivalence class is a compact connected non-separating proper 
subset of S 2 . Then the quotient space S 2 / ~ is again homeomorphic to S 2 . 

For the application at hand, the theorem is replaced by the following corollary (see 
for example Proposition 4.4. of El): 

Corollary. Let f\ and f 2 be two quadratic polynomials with locally-connected Julia 
sets, such that every class of the ray equivalence relation ~ r is non-separating and 
contains at most N external rays for a fixed N > 0. Then f\ and f 2 are topologically 
mateable. 


By means of a standard quasiconformal surgery, the theorem of Rees and Shishikura 
can be extended to any pair / C1 , f C2 where c t belong to hyperbolic components Hi, 
H 2 of the Mandelbrot set which do not belong to conjugate limbs. Mating thus yields 
an isomorphism between the product Hi x H 2 and a hyperbolic component in the 
parameter space of quadratic rational maps. This isomorphism, however, does not 
necessarily extend as a continuous maps to the product of closures Hi x H 2 , as was 
recently shown by A. Epstein 


Ep 


So far no example of conformal matings without using Thurston’s theorem (that 
is going beyond postcritically finite/hyperbolic case) has appeared in the literature. 
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However, Jiaqi Luo in his dissertation |[Luo| 1 has outlined a proof of the existence 


of conformal matings of Yoccoz polynomials with star-like polynomials (centers of 
hyperbolic components attached to the main cardioid of the Mandelbrot set). His 
approach consists of locating a candidate rational map for the mating, and then using 
Yoccoz puzzle partitions and complex bounds of Yoccoz to prove that this candidate 
rational map is a mating. A somewhat similar philosophy plays a role in this paper. 

The question of constructing matings of polynomials with connected but non locally- 
connected Julia sets has been completely untouched. While there are definitions of 
mating which would carry over to non locally-connected case (such as approximate 
matings discussed in |M T§, p. 54) no examples of such matings are known. 


1.2. Statement of the results. Consider an irrational number 0 < 6 < 1 and 
the quadratic polynomial z t—» e 2m6 z + z 2 which has an indifferent fixed point with 
multiplier e 2me at the origin. To make this polynomial monic, we conjugate it by an 
affine map of C to put it in the normal form 

p 2ni9 \ 

*-— )■ (L1) 


~2ni0 


: z i—► z 2 + eg, with c e = 



Figure 1. Filled Julia set K(fg ) for 9 = (\/5 — l)/2. 


The corresponding indifferent fixed point of fg is denoted by a. Assuming 6 is irra¬ 
tional of bounded type, a classical result of Siegel ra implies that fg is linearizable 
near a, i.e., there exists an open neighborhood U of a and a conformal isomorphism 
(j) : U D which conjugates fg on U to the rigid rotation Og : z 


e 2nie z\ 


/-i 


— Qe- 
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The maximal such linearization domain is a simply-connected neighborhood of a 
called the Siegel disk of fg. The following result has recently been proved by Petersen 

PH: 

Theorem (Petersen). Let 0 < 6 < 1 be an irrational of bounded type. Then the 
Julia set of the quadratic polynomial fg is locally-connected and has Lebesgue measure 
zero. 


Fig.0 shows the filled Julia set of the quadratic polynomial fg for the golden mean 
9 = {y/5-l)/2. 


In proving his theorem, Petersen does not work directly with the Julia set of fg, 
but instead considers a certain Blaschke product , which is related to fg via a quasi- 
conformal surgery procedure. A simplified version of his argument, based on complex 
a priori bounds for renormalization of critical circle maps was presented by one of 
the authors in ||Ya||. Since the Julia set of fg is locally-connected, we may pose mate- 


ability questions for these polynomials. Our main result is the following theorem: 


Main Theorem. Let 0 < 6, v < 1 be two irrationals of bounded type and 6 ^ 1 — v. 
Then the polynomials fg and f u are topologically mateable. Moreover, there exists a 
quadratic rational map F such that 

F = fe □ 

Any two such rational maps are conjugate by a Mobius transformation. 

In other words, one can paste any two filled Julia sets of the type shown in Fig. [T] 
along their boundaries to obtain a 2-sphere, and the actions of the polynomials on 
their filled Julia sets match up to give an action on the sphere which is conjugate 
to a quadratic rational map with two fixed Siegel disks. Fig. shows the result 
of this pasting in the case 6 — v — {y/h — l)/2. In this picture we normalize the 
quadratic rational map fg U fg to put the centers of the Siegel disks at zero and 
infinity. The black and gray regions are the images of the copies of the corresponding 
filled Julia sets in Fig. |1|. There are, however, some prominent differences between 
these regions and the original filled Julia sets. First, there are infinitely many “pinch 
points” in the “ends” of the black and gray regions that are not present in the original 
filled Julia sets. An explicit combinatorial description of these pinch points will be 
presented in §[|. Also, as J. Milnor pointed out to us, an infinite chain of preimages 
of the Siegel disk in the filled Julia set in Fig. |T] which lands at an endpoint in J(fg) 
maps to a chain in Fig. |j which appears very stretched out near the end. This 
indicates that the continuous semiconjugacies between the filled Julia sets and their 
corresponding regions, although conformal in the interior of the sets, have a great 
amount of distortion near the boundary. 

In the case 6 = 1 — v the existence of a mating is ruled out for algebraic reasons. 
In fact, the polynomials are not even topologically mateable. Under the assumptions 
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FIGURE 2. The Julia set of the mating fg U fg for 9 = (\/5 — l)/2. 


of the theorem, the candidate rational map F can be specified algebraically, and 
the main difficulty lies in establishing that F is indeed a mating. To fix the ideas 
we may assume that the candidate F has a Siegel disk A 0 with rotation number 9 
centered at 0, and another one A°° with rotation number v centered at oo. There is an 
unambiguous way to construct the semiconjugacies of Definition Ila in the interiors 
of the filled Julia sets, by mapping the preimages of the Siegel disk of fg to the 
corresponding preimages of A 0 and similarly the preimages of the Siegel disk of f v to 
the corresponding preimages of A°°. To guarantee that these semiconjugacies extend 
continuously to the filled Julia sets we need to demonstrate that the boundaries 
d A 0 and d A' 00 are Jordan curves each containing a critical point of F and that the 
Euclidean diameter of the n-th preimages of A 0 and A°° goes to zero uniformly in n. 
Proving these properties of the map F directly seems to be quite out of reach. We 
establish the first property by using a new Blaschke product model for the dynamics 
of F that was discovered by one of the authors when he was working on dynamics 
of cubic Siegel polynomials |Za2| . We then adapt the complex bounds from m to 
this model to prove the second property. Further properties of the semiconjugacies 
of Definition Ila are demonstrated by a combinatorial argument using spines and 
itineraries. 
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The symmetry of the construction in the case of a self-mating (i.e., when 6 — u) 
has a nice corollary. In this case the mating F = fg U fg given by the Main Theorem 
commutes with the Mobius involution X which interchanges the centers of the two 
Siegel disks and fixes the third fixed point of F. Hence one can pass to the quotient 
Riemann surface C/X ~ C to obtain a new quadratic rational map G. It is not 
hard to see that G is the mating of fg with the Chebyshev quadratic polynomial 
/cheb : z i—>• z 2 — 2 whose filled Julia set is the interval [—2, 2]: 

Theorem. Let 0 < 6 < 1 be any irrational of bounded type. Then there exists a 
quadratic rational map G such that 

G — f() U /cheb- 

Moreover, G is unique up to conjugation with a Mobius transformation. 


Acknowledgements. We would like to express our gratitude to John Milnor for 
posing the problem and encouraging the dynamics group at Stony Brook to look 
at it. His picture of the “presumed mating of golden ratio Siegel disk with itself” 
(Fig. 0 in this paper) posted in the IMS at Stony Brook was the inspiration for this 
work. Adam Epstein, who also was enthusiastic about this problem and had learned 
about our similar ideas, brought the two of us together. We are indebted to him 
because this joint paper would have never existed without his persistence. Finally, 
we gratefully acknowledge the important role that Carsten Petersen’s ideas in 
play in our work. 


2. Background Material 

2.1. Notations and terminology. The unit disk in the complex plane will be de¬ 
noted by D, its boundary is the unit circle T. For a set X in the plane, we use X 

O 

and X for the closure and the interior of X respectively. We use \J\ for the length 
of an interval J, dist and diam for the Euclidean distance and diameter in C. We 
write [a, b] for the closed interval with endpoints a and b in R. without specifying their 
order. For a hyperbolic Riemann surface X, distx will denote the distance in the 
hyperbolic metric in A". 

We call two real numbers a and b K-commensurable or simply commensurable if 
K~ 1 < |a|/|6| < K for some K > 1 independent of a,b. Two sets X and Y in C 
are A-commensurable, if their diameters are. A configuration of points aq,... x n is 
called K-bounded if any two intervals [xi,Xj\, and [xk,xi\ are ih-commensurable. For 
a pair of intervals / C J we say that / is well inside of J if there exists a universal 
constant K > 0, such that for each component L of J \ I we have \L\ > K\I\. 

For two points a, b on the circle which are not diagonally opposite [a, b] will denote, 
unless otherwise specified, the shorter of the two closed arcs connecting them. When 
working with a homeomorphism / of the unit circle, which extends beyond the circle, 
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we will reserve the notation f~ l (z ) for the i-th preimage of z G T contained in the 
circle T. 


2.2. Quadratic rational maps. The reader may find a detailed discussion of the 
dynamics of quadratic rational maps in Milnor’s paper [Mi2], Below we give a brief 


summary of some relevant facts. A quadratic rational map of the Riemann sphere C 
may be expressed as a ratio 


F(z) = 


agz z + a\z + a 2 


+ b\Z + b 2 

with one of the coefficients do, b 0 different from 0. The six-tuple (do : cq : d 2 : b 0 : 
b\ : b 2 ) may be viewed as a point in the complex projective space CP 5 . The space of 
all quadratic rational maps Rat 2 is identified in this way with a Zariski open subset 
of CP 5 (see ]Ml2|| for a description of the topology of this set). From the point 
of view of complex dynamics the quadratic rational maps which are conjugate by a 
conformal isomorphism of the Riemann sphere are identified. That is, we consider 
the quotient space of Rat 2 by the action of the group Mob ~ PSL 2 (C) of Mobius 
transformations. This moduli space of quadratic rational maps will be denoted A4 2 . 
The action of Mob on Rat 2 is locally free, and the quotient space has the structure 
of a 2-dimensional complex orbifold branched over a set S C Af 2 . This symmetry 
locus S consists of maps possessing a nontrivial automorphism group. 

A more useful parametrization of the moduli space A4 2 comes from the following 
considerations. Every map F G Rat 2 has three not necessarily distinct fixed points. 
Let Hi, fi '2 , /13 denote the multipliers of the fixed points. (By definition, the multiplier 
of F at a fixed point p is simply the derivative F'{jp) with appropriate modification 
if p — 00 .) Let 

Ci = AT + R 2 + M3, c 2 = H 1 M 2 + M 1 M 3 + M 2 M 3 , °~3 — M 1 M 2 M 3 
be the elementary symmetric functions of these multipliers. 


Proposition ([ Mi2|| . Lemma 3.1). The numbers or, a 2 , <73 determine F up to a 
Mobius conjugacy, and are subject only to the restriction that 

c 3 = ci — 2. 

Hence the moduli space M. 2 is canonically isomorphic to C 2 , with coordinates cq and 
c 2 . 


Note that for any choice of , /i 2 with M 1 M 2 7 ^ 1 there exists a quadratic rational 
map F, unique up to a Mobius conjugacy, which has distinct fixed points with these 
multipliers. The third multiplier can be computed as fi 3 — (2 — Mi ~ M 2 )/(l — ^ 1 ^ 2 )- 
As a special case, let F be a quadratic rational map which has two Siegel disks 
centered at two fixed points of multipliers e 2mB and e 2mu , where 0 < 9, v < 1. Note 
that we necessarily have 6 ^ 1 — v. By conjugating F with a Mobius transformation 
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which sends the two centers to 0 and oo and the third fixed point to 1, we obtain a 
quadratic rational map which fixes 0,1, oo and has multipliers e 2md at 0 and e 2mi/ at 
oo. It is easy to see that these conditions determine the map uniquely. In fact, we 
obtain the normal form 


(1 - e 2nie )z + e 2nie (l - e 2nxiv ) 
(1 - e 2 mey2niu z + (i _ e 2 ™')' 


( 2 . 1 ) 


2.3. Critical circle maps. Throughout this paper, we shall identify the unit circle 
T = {z G C : \z\ = 1} with the affine manifold R/Z using the canonical projection 
from the real line given by x i—> e 2mx . By definition, a critical circle map is an 
orientation-preserving homeomorphism of the circle T of class C 3 with a single critical 
point c. We further assume that the critical point is of cubic type. This means that 
for a lift / : R —»• R of / with critical points at integer translates of c, 

f(x ) — /(c) — (x — c) 3 (const +0(x — c)). 


The standard examples of analytic critical circle maps are provided by the projections 
to T of homeomorphisms in the Arnold fa7nily: 

Al' : x > x T t -sin ‘Itxx. 

2tt 

Another group of examples, more relevant for onr considerations, is given by the 
family of degree 3 Blaschke products 

~ teI) • 

The restriction of Q t to the unit circle T is a real-analytic homeomorphism. Every 
Q t has a critical point of cubic type at 1 G T and no other critical points in T, thus 
Q l |f is a critical circle map. 

The quantity 

f on (r) 

p(f ) = lim -— (modi) 

n—xx) 77, 

is independent both of the choice of x G R and the lift / of a critical circle map /, 
and is referred to as the rotation number of /. The rotation number is rational of the 
form p(/) = p/q if and only if / has an orbit of period q. To further illustrate the 
connection between the number-theoretic properties of p(/) and the dynamics of /, 
let us introduce the notion of a closest return of the critical point c. The iterate / on (c) 
is a closest return , or equivalently, n is a closest return moment , if the interior of the 
arc [/ on (c),c] contains no iterates / OJ (c) with j < n. Consider the representation of 
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p(f) as a (possibly finite) continued fraction 

P(f) = - —[ -» 

«i H--- 

«2 H-;- 

0,3 + ' ' ' 

with the ai being positive integers. For convenience we will write p(f) = [cq, 02 , 03 ,... ]. 
The n-th convergent of the continued fraction of p(f) is the rational number 

Pn _ r 1 

Ol, Oj 2 5 ■ ■ ■ 7 \ 

q n 

written in the reduced form. We set p 0 = 0, q 0 = 1. One easily verifies the recursive 
relations 

Pn OnPn—1 T Pn—2i 


Qn O'nQn— 1 T Qn—2i 

for n > 2. In this notation, the iterates {f oqn (c)} are the consecutive closest returns 
of the critical point c (see for example l|dMvS|| ). 

The rotation number p(f) is said to be of bounded type if sup a* < oo. We will 
make use of two linearization theorems for critical circle maps. Let us denote by Qg 
the rigid rotation x i—> x + 9 (modZ). Yoccoz 


Yoll has shown: 


Theorem. Let f be a critical circle map with irrational rotation number 9. Then 
there exists a homeomorphic change of coordinates h : T —> T such that 

ho f O h _1 = Qg. 


In general the homeomorphism h may not be regular at all, even if the map / 
is real-analytic. However, some regularity for h may be gained at the expense of 
extra assumptions on the rotation number p(f). The following theorem of Herman 


[He|| provides us with a sharp result which will be useful further in performing a 
quasiconformal surgery. Recall that a homeomorphism h : M —> R is called K- 
quasisymmetric if 


0 < K- 1 < 


| h(x + t) — h(x) | 
| h(x) — h(x — f)| 


< K < +CXD 


for all x and all t > 0. A homeomorphism h : T —* T is A'-quasisymmetric if its 
lift to R is such a homeomorphism. We simply call h quasisymmetric if it is K- 
quasisymmetric for some K. 


Theorem. A critical circle map f is conjugate to a rigid rotation by a quasisymmetric 
homeomorphism h if and only if the rotation number p(f) is irrational of bounded type. 
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The above result is based on the following a priori estimates called the Swiqtek- 
Herman real a priori bounds (see RSw l, [IdFdMI] ): 


Theorem. Let f be a critical circle map with irrational rotation number. Let I n 
denote the n-th closest return interval [c, f oqn (c)]. Then there exists N = N(f) > 0 
such that 

K-^In | < 14+11 < K\I n \ 

for n > N and a universal constant K > 1. Moreover, let a n : M. —> M denote the 
affine map which restricts to a map /„_] —> [0,1] sending c to 0, and set q(z ) = z 3 . 
Then, there exists a C 2 -compact family T of C 3 diffeomorphisms of the interval [0,1] 
into M such that for n > N, 

Oi n ° f° qn ° cr” 1 1[o,i] = H n o q o h n , 

where H n e T and h n is a C 3 diffeomorphism of [0,1] with h n —> id in C 2 -topology. 


We conclude this section with a useful observation on the combinatorics of closest 
returns. Let the continued fraction expansion [ai, < 22 ,... ] of the rotation number p(f ) 
of a critical circle map / contain at least n + 1 terms. Then (see IdMvSI ) for any 
i < n, the consecutive closest returns /° 9 i (c) and /° 9 i+ 1 (c) occur on different sides of 
the critical point c, that is [/° 9 i (c), f oqi+1 (c)} 3 c. Let us list some of the points in 
the forward orbit of c in the order they are encountered when going from / 0 <?i_ 1 (c) to 

f qi (c)- 

y°?j- 1 1 


(c),/ 


°Qi—l~\~Qi ( 


),/ 


oqi_i+2qi 


(c),..., /°3i-i+«i+i«( c ) = /°«+i( c ), c? r^(c), n( c ). 


When p{f ) is irrational, Swiatek-Herman real a priori bounds imply that for every 
N > 0 there exists a universal constant Kn such that the following holds. For all 
sufficiently large i, the arcs [/°9i-i+b _ 1 )9i(c),/°®-i +J 9 i (c)], / _J 9 i (c)] and 

[c, /° 9 i_ 1 (c)] are /Tv-commensurable, for 1 < j < a l+ \ — 1 with min(j, a l+ \ — j) < N. 


3. The Blaschke Model For Petersen’s Theorem 


As a motivation for further discussion, we present with slight modifications the 
construction of a model Blaschke product for a Siegel quadratic polynomial used by 
Petersen in Much of the tools developed in this section will carry over to the 

Blaschke product model for mating introduced in §[|. It is somewhat easier, however, 
to discuss them in this context. Let us define 


Q l -.Z 


e 2nit z 2 


z — 3 
1-32 


(3,1) 


As we have seen in the previous section, the restriction Q f '\j is a critical circle map 
with critical value f G T. The standard monotonicity considerations imply that for 
each irrational number 0 < 0 < 1 there exists a unique value t{6) for which the 
rotation number p(Q t ^ e ' ) |t) = 0. Let us set Qe = Q^ e \ 
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3.1. Elementary properties. For the moment, let us work with a fixed irrational 
6 and abbreviate Q = Qg. As seen from (|3T|), Q has superattracting fixed points at 
0 and oo and a double critical point at z = 1. The immediate basin of attraction of 
infinity, which we denote by A(oo), is a simply-connected region on which Q acts as 
a degree 2 branched covering. Q commutes with the reflection T : z i—> l/~z through 
T, so we have a similar description for A(0) = T(A(oo)), the immediate basin of 
attraction of the origin. 

Just as in the polynomial case, there exists a unique conformal isomorphism <p : 
A(oo) ——>■ C\D with p(oo) = oo and p'(oo) = 1, which conjugates p on A(oo) 
to the squaring map z t —> z 2 on C \ D. We may use it to define the external rays 
R e (t ) = p~ 1 {re 2mt : r > 1} for t G T, and the equipotentials E r = (^ _1 {re 2mt : t G T} 
for r > 1. The ray R e (t) lands at p if lim,.^] p^ 1 (re 2mt ) = p. 

Proposition 3.1. A(oo) = C\ U, t >o Q _ri (D). 


Proof. Let us put U = C \ U n>0 Q n (D). Clearly A(oo) C U and f(U ) C U. 
Since U ?t >o Q _n (T) = J(Q), U is a subset of the Fatou set of Q. Assume by way of 
contradiction that A(oo) ^ U. Then there must be a connected component of U other 
than A(oo) which eventually maps to a periodic Fatou component V by Sullivan’s 
No Wandering Theorem. We have V ^ A(oo), since otherwise Q would have to have 
a pole ^ oo in U. According to Fatou-Sullivan, V is either the attracting basin of an 
attracting or parabolic periodic point, or a Siegel disk or a Herman ring. In the first 
two cases, there must be a critical point in V which converges to the periodic orbit. 
But V C C \ D and there is no critical point of Q in C \ D. In the last two cases, 
some critical point in J(Q) must accumulate on the boundary of the Siegel disk or 
Herman ring. The only critical point in J(Q) is z — 1 whose forward orbit is dense 
on the unit circle T. It follows that T must be the boundary of the Siegel disk or a 
component of the boundary of the Herman ring. Evidently this is impossible since T 
is accumulated from both sides by points in J(Q) near the critical point z — 1 . □ 


By the theorem of Yoccoz (see subsection |2.3|) , there exists a unique homeomor- 
phisrn h : T —» T with h( 1) = 1 such that hoQ\ T = Qgoh , where Qg : z i—> e 2m9 z is the 
rigid rotation by angle 6. Let H : D —> D be a homeomorphic extension of h to the 
unit disk. To have a canonical homeomorphism at hand, we assume that H is given 
by the Douady-Earle extension of circle homeomorphisms |DE| 

Blaschke product 


Define a modified 


Q{z) = Qe{z) 


Q(z) \z\ > 1 

(iW 1 O Qg O H)(z) j^j < 1 


(3.2) 


where the two definitions match along the boundary of D. Evidently, Q is a degree 2 
branched covering of the sphere which is holomorphic outside of the unit disk and is 
topologically conjugate to a rigid rotation on the unit disk. Imitating the polynomial 
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Figure 3. “Filled Julia set” K(Q e ) for 9 = (y/E - l)/2. 


case, we define the “filled Julia set” of Q by 

K(Q ) = {z 6 C : The orbit {Q on (z )} n > 0 is bounded} 
and the “Julia set” of Q as the topological boundary of K(Q): 

J(Q) = dK(Q). 

By Proposition |3T], we have 

K{Q) = C\ .A(oo), J(Q) = dA(oo). 

In particular, K(Q) is full. Fig. |3] shows the set K(Q) for the golden mean 6 = 
(y/5 — l)/2; In this case, t(9) = 0.613648 .... 


3.2. Drops and their addresses. In what follows we collect basic facts about the 
“drops” associated with Q and their addresses (see fPef , and compare [jZa2|] for a 
more general notion of a drop in a similar family of degree 5 Blaschke products). 
By definition, the unit disk D is called the 0 -drop of Q. For n > 1, any component 
U of Q- n (B) \ D is a Jordan domain called an n-drop, with n being the depth of 
U. The map Q° n = Q on : U —> D is a conformal isomorphism. The unique point 
z = z(U) G U with the property Q on (z) = i/ _1 (0) is called the center of U. This is 
the point in U which eventually maps to the fixed point of the topological rotation 
on Q : D —> D. The unique point Q~ n ( 1) fl dU is called the root of U and is denoted 
by x(U). The boundary dU is a real-analytic Jordan curve except at the root where 
it has a definite angle 7 t/ 3. We simply refer to U as a drop when the depth is not 
important for us. Note that there is a unique 1-drop U\ which is the large Jordan 
domain attached to the unit disk at its root x — 1 (see Fig. |3j). 

Let U and V be two drops of depths m and n respectively. Then either U fl V = 0, 
or else U and V intersect at a unique point, in which case we necessarily have m ^ n. 
If we assume for example that m < n, then it is easy to check that U fl V — x{V). 
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When this is the case, we call U the parent of V, or V a child of U. It is not hard 
to check that every n-drop with n > 1 has a unique parent which is an m-drop with 
0 < m < n. In particular the root of this n-drop belongs to the boundary of its 
parent. 

By definition, D is said to be of generation 0. Any child of D is of generation 1. In 
general, a drop is of generation k if and only if its parent is of generation k — 1. 

Lemma 3.2 (Roots determine children). Given a point p e Un>o x ^ ere 

exists a unique drop U with x(U) = p. In particular, two distinct children of a parent 
have distinct roots. 


Proof. It suffices to show that U\ is the only child of D whose root is z — 1. Suppose 
that U 7 ^ U\ is an n-drop with x(U) = 1. Then Q on-1 ( U) = U\ implies Q on ~ l (x{U )) = 
x(Ui), or Q on_1 (l) = 1. Since n > 1 by the assumption, this contradicts the fact that 
the rotation number of Q\^ = Q |t is irrational. □ 


We give a symbolic description of various drops by assigning an address to every 
drop. This is a slightly modified version of Petersen’s approach, based on a suggestion 
of J. Milnor. Set U 0 = D. For n > 1, let x n = Q~ n+1 ( 1) D T and U n be the n-drop 
with root x n , which is well-defined by Lemma |3.2| . Now let t = qt 2 •••<.*. be any 
multi-index of length k, where each ij is a positive integer. We inductively define the 
(q + i 2 + • • • + q)-drop U L1L 2 ,.. tfc of generation k with root 


x(U Ull 2 ... J = x, 


L\L2--tk 


(3.3) 


as follows. We have already defined these for k — 1. For the induction step, suppose 
that we have defined x tU2 ... tfc _ 1 for all multi-indices q • • • ik- 1 °f length k — 1. Then, 
we define 


Q — l)t 2 - --tfe ) id if P ^ 1 

Q~\x L2 ... Lk ) n dU^...^ if Li = 1 


The drop U LlL2 ... bk will then be determined by (|3.3| ) and Lemma (see Fig. 
By the way these drops are given addresses, we have 


(3.4) 


Q(u uo ...p 


b^(li-l)t2—tfc if ^1 > 1 
U L2 ... Lk if q = 1 


(3.5) 


3.3. Limbs and wakes. Let us fix a drop U lv .. lk . By definition, the limb L Ll ... Lk is 
the closure of the union of this drop and all its descendants (i.e., children and grand 
children etc.): 

-btl -tfc (^J U L1 ... bk ... . 

Note that L 0 = K(Q). If q • • • 4 ^ 0, we call x Ll ... Lk the root of L tl ... tfc . 

It is not immediatley clear from this definition that limbs provide a useful partition 
of the filled Julia set K(Q). Indeed, it may happen a priori that the boundary of a 
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FIGURE 4. Examples of some drops and their addresses. 


lirrib^ Lq is the whole J(Q ). This is ruled out by the following key lemma of Petersen 

Lemma 3.3 (Only two rays). Suppose that 0 < 9 < 1 is an irrational number. Then 
the critical point z = 1 of Q e is the landing point of two and only two external rays 
R e (t ) and R e {s) mA(oo). 


Let W\ denote the connected component of C y (R e (t) L\R e (s) U{1}) containing the 
drop U\. We call W\ the wake with root X\. Given an arbitrary multi-index 4 • • ■ t*., 
we define the wake W L 1 ... Lk as the appropriate pull-back of W\. More precisely, consider 
the two external rays landing at x L1 ... Lk which map to R e {t ) and R e {t ) under Q on , where 
n — <! + ••• + ifc. These rays separate the plane into two simply-connected regions. 
The wake W L 1 ... Lk will then be the region containing the drop U n ... lk . It is immediately 
clear that 


tfc — Wn. 


n K(Q) 

(see Fig. ^|). The integers n and k are respectively called the depth and generation of 




as well as L n ... Lk . 

The next proposition follows directly from the above definitions: 


Proposition 3.4 (Properties of limbs and wakes). Consider Qe for an irrational num¬ 
ber 0 < 9 < 1. Then 

(i) If a drop U is contained in a limb L, then any child ofU is also contained in L. 

(ii) Any two limbs and any two wakes are either disjoint or nested. 
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Figure 5. 


A drop U with root x, and the associated limb L and wake W. 


(iii) For any limb L tl ... lk , we have 


Qe{L L 1 ... Lk ) 


if G > 1 
Li 2 --ik if ^ 1 = 1 


In particular, every limb eventually maps to L x and then to the whole filled Julia 
set K(Qg). The same relation holds for wakes. 


The following theorem is a central result of m 


Theorem 3.5 (Local-connectivity). Suppose that 0 < 9 < 1 is an irrational number. 
Then as the depth of a limb L of Qg goes to infinity, diam(L) —> 0. This implies that 
the Julia set J{Qo), hence J(Qg), is locally-connected. 


In particular, it follows that the diameter of a drop goes to zero as the depth goes to 
infinity, simply because every drop is a subset of the limb with the same root. 

One important implication of this result is the lack of the so-called “ghost limbs”: 


Corollary 3.6 (No ghost limbs). Suppose that 0 < 6 < 1 is an irrational number. 
Then the filled Julia set K(Qg ) is the union of B and all the limbs of generation 1: 


K(Qg) = D U U L n . 

n> 1 


This follows from the fact that distinct Lfi s are separated by their wakes and diam(L n ) 
0 as n —> oo. 


3.4. Drop-chains. 

Definition 3.7. Consider a sequence of drops {U 0 = D, U L1 , U L1L2 , U L1L2L3 , • • • } where 
each U L1 ... Lk is the parent of U n ... Lk . The closure of the union 

k 
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is called a drop-chain. 


Since in a drop-chain C each parent touches the child at its root and the diameter 
of the subsequent children goes to zero by Theorem |3.5| , the tail of C must converge 
to a well-defined point in the Julia set of Q. In other words, there exists a unique 
point p = p{C) such that in the Hausdorff topology, lini/,^ oc U bl ... Lk = {p}. It follows 
that 

c = UE.-.* U {p}. 

k 

In particular, C is compact, connected and locally-connected. 

Another way to characterize p(C) is as follows: Consider the corresponding limbs 


K(Q ) = L 0 D L bl D L 4142 d L, 


i-lt-2£3 


D • • ■ 


which are nested by Proposition |h4]. Since diam(L 4l ... 4fc ) —> 0 as k —> oo by Theo¬ 


rem 


Oj , the intersection of these limbs must be a unique point, namely p(C): 


P(C) = nv, 

k 


By a ray in a drop U we mean a hyperbolic geodesic which connects some boundary 
point p G dU to the center z(U). This ray is denoted by [p, c(U)]. For two distinct 
points p, q G dU , we use the notation [p, qj for the union of the rays [p, c(E/)] U 

[c(U),qj- 

Given any drop-chain C, there exists a unique “most efficient” path R = R(C ) in C 
which connects 0 to p{C). In fact, if C is of the form (J fe U L1 ... Lk , we define 


R(C) = [0,x 4l ] U |J[x 4l ... 4fc ,x 4l ... tfc+1 ] U{p(C)}. 

k> 2 


(see Fig. ^). It is easy to see that R(C) is a piecewise analytic embedded arc in the 
plane. We call R(C) the drop-ray associated with C. We often say that R(C), or C, 
lands at p(C). 


Proposition 3.8. Every point in the filled Julia set K(Qg) either belongs to the 
closure of a drop or is the landing point of a unique drop-chain. 

Proof. Let p G K(Qg ) and assume that p does not belong to the closure of any drop. 
Then by Corollary |3.6| , p belongs to some limb L n , and inductively, it follows that it 
belongs to the intersection of a decreasing sequence of limbs L bl D L tlt2 D L 414243 D 
■ ■ •. Hence p is the landing point of the corresponding drop-chain C = UL-,. 
Uniqueness of this drop-chain follows from Proposition |3.9| below. □ 


It follows from the next proposition that the union of drop-rays associated with 
all drop-chains has the structure of an infinite topological tree (a “dendrite”) in the 
plane. 
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Figure 6. A drop-chain and the drop-ray associated with it. 


Proposition 3.9. The assignment C t—> p(C) is one-to-one. In other words, different 
drop-rays land at distinct points. 

Proof. Suppose that C\ and C 2 are two distinct drop-chains. Let U bl ... bk C C\ be 
the drop of smallest generation k which is disjoint from C 2 , and similarly define 
Up v ..p C C 2 . The limbs L bl ... bk and L b ' r -u' k are disjoint by Proposition |3]4|. Since 
p{Ci) G L bl ... bk and p(C 2 ) G we will have p{Cf) f p{C 2 ). □ 


3.5. Surgery. The modified Blaschke product 0 = Qo as defined in fl3.2|) is a degree 2 
branched covering of the sphere. When the rotation number 6 is irrational of bounded 
type, the action of Q e is in fact conjugate to that of a quadratic polynomial. This 
follows from a quasiconformal surgery construction due to Douady, Ghys, Herman, 
and Shishikura 


lDo3 


Let us fix an irrational number 0 < 9 < 1 of bounded type. By Herman’s Theorem 
(see subsection |2.3| ) the unique homeomorphism h : T —> T with h( 1) = 1 which 
conjugates Q\f to go is quasisymmetric. In this case, the Douady-Earle extension 
H : D —> D of h is a quasiconformal homeomorphism whose dilatation only depends 
on the dilatation of h ra- The modified Blaschke product Qo of ( |3.2| ) is then a 
quasiregular branched covering of the sphere. We define a Qe-invariant conformal 
structure o e on the plane as follows: On D, let a g be the pull-back H*a 0 of the 
standard conformal structure cr 0 . Since g g preserves cr 0 , Q e will preserve o g on D. 
For every n > 1, pull o g \ 


back by Qo = Q° d n on Qf n (JD>) \ D, which consists of 
all drops of Qo of depth n. Since Q° e n is holomorphic, this does not increase the 
dilatation of a g . Finally, let cr@ = do on the rest of the plane. By construction, a g has 
bounded dilatation and is invariant under Qg. Therefore, by the Measurable Riemann 
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Mapping Theorem (see for example Q), we can find a unique quasiconformal 
homeomorphism t^g : C —> C, normalized by ifg( oo) = oo, '0e(i/~ 1 (O)) = e 2 ™ e /2 and 
V’e(l) = 0, such that ifg cr 0 = 00 - Set 


fe=^e°Qe° ^ g 


-l 


(3.6) 


Then fg is a quasiregular self-map of the sphere which preserves cro, hence it is holo- 
morphic. Also fg : C —» C is a proper map of degree 2 since Qg has the same 
properties. Therefore fg is a quadratic polynomial. 

Since the action of fg on ifg(JS)) is quasiconformally conjugate to a rigid rotation, 
i/)g( B) is contained in a Siegel disk for fg with rotation number 9. As ifg( 1) = 0 is a 
critical point for fg, it follows that the entire orbit {fg n (0)} n >o lies on the boundary of 
this Siegel disk. But {/e n (0)} n >o is dense on ifg(T), so ifg( T) is exactly the boundary 
of this Siegel disk, which is a quasicircle passing through the critical point 0 of fg. 
Up to affine conjugacy there is only one quadratic polynomial with a fixed Siegel 
disk of the given rotation number 9. By the way we normalized ifg, we must have 


: z h- >• z 2 + Cg as in (|1.1|) . 


We summarize the above as follows: 

Theorem 3.10 (Douady, Ghys, Herman, Shishikura). Let f be a quadratic polyno¬ 
mial which has a fixed Siegel disk A of rotation number 6. If 6 is of bounded type, 


then f is quasiconformally conjugate to Qg in (|3.2|) . In particular, dA is a quasicircle 
passing through the critical point of f. 

In particular, this surgery procedure allows us to define drops, limbs, wakes, drop- 
chains and drop-rays for the quadratic polynomial fg. 


4. A Blaschke Model For Mating 

The object of this section is to construct, for a pair of numbers 0 < 9, v < 1 with 
0 1 — v, a Blaschke product Bg tU . When 6 and v are irrationals of bounded type, 

Bg t v plays the role of a model for the quadratic rational map Fg t v of (|2.1|) in the same 
way as Qg does for the quadratic polynomial fg. After showing the existence of such 
Bg„, we will define drops, limbs, drop-chains and drop-rays for the “modified” Bg v 
in an analogous way. 

4.1. Existence. We would like to prove the following result: 

Theorem 4.1 (Existence of Blaschke models for mating). Let 0<#<1, 0<z/<l 
and 9 1 — v. Then there exists a degree 3 Blaschke product 

„ e~ 2mv ( z — a \ ( z — b 

B = Bg v : z --— 2 

ab 


1 — az J V 1 — bz 


(4.1) 


with the following properties: 
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(i) 0 < |a| < 1 and |6| = |a| -1 > 1, with ab ^ 1, 

(ii) B has a double critical point at z = 1, and 

(iii) The restriction B\j is a critical circle map with rotation number 9. 


The proof of this theorem will be given in the rest of this subsection. In (i) the 
condition ab ^ 1 is necessary simply because when ab = 1, B reduces to the linear 
map z h-> e~ 2mv z. 

For simplicity, let us set 

a = ab, where \k\ — 1 by (i) . . 

C = a + b ^ 

Using the equation (|4.1| ), the condition B\z) = 0 may be written in the form 

A\Z 4 + A2Z 3 + A3Z 2 + A2Z + A\ = 0 , 


where 


Ai = a b = a, 

A 2 = —2(a + b) = — 2£, (4.3) 

4 3 = 2+|a + fe| 2 = 2 + |C| 2 . 


A brief computation shows that the condition of z = 1 being a double critical point 
of B translates into 

f 441 + 3A2 + 2A3 = —A2 
34.1 + 242 4 4 3 = 4i 

or by (g^) 


r 2«-3C + 2 + |C| 2 = C 

\ 3a — 4£ + 2 + |^|“ = a 


(4.4) 


Subtracting the second equation in ( ]4.4| ) from the first equation, we hnd that 

C — a = ( — a ( - a 6 K. 


Set a = x + iy and ( 
obtain 


u + iy and substitute them into the first equation in (|4.4|) to 


u 2 — Au + ( 2x + y 2 + 2) = 0, 

which, by x 2 + y 2 = 1, has solutions u = x + 1 and u = —x + 3. These correspond to 
( = a + 1 and C = — a + 3. By (|4.2| ), the choice of ( = a + 1 leads to a = a or a = 1, 
which is not appropriate since we want |a| < 1. Therefore, we are left with the only 
possibility 


C — ~ K + 3. 


(4.5) 


Let a = e 2mt with ieR. From 
of the quadratic equation 


and (|4.5|) it follows that a and b are the solutions 


z 2 + ( A — 3)z + A = 0. 


(4.6) 
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Lemma 4.2. As n = e 2mt goes around the unit circle, the two solutions of the qua¬ 
dratic equation (M) define two closed curves t i—► a (t) and t i—> b(t) in the complex 
plane with the following properties (see Fig. |?[): 

(i) aft + 1 ) = aft) and bft + 1 ) = bft), 

(ii) 0 < \aft)\ < 1 and hence \b(t)\ = |a(t )| -1 > 1, 

(iii) \a(t)\ — 1 if and only ift G Z, or equivalently n — 1, in which case aft) = bft) = 

1 , _ 

(iv) a(t)b(t) 7 ^ 1 unless t e Z so that aft) = bft) = 1. 


Proof. Let us first note that the solutions Z\,z^ of ( |4.(j|) lie on the unit circle T if 
and only if k — 1 in which case there is a double root at Z\ — z-i — 1. In fact, if 
|^i| = |^ 21 = 1 ) then 


2 — 3 — \k\ ^ \k — 3| — \z± -|- Z 2 1 ^ |*i| \zi\ — 2. 

Hence |k — 3| = 2, or equivalently, n — 1. 

Now let k = e 2mt go around T. Then the double root at z — 1 splits into distinct 
roots a = aft) and b = bft) which by inspecting the explicit formula for a and b are 
real-analytic functions of t away from integer values and are labeled so that (ii) holds. 
Clearly a and b are Z-periodic, so (i) holds trivially. 


T 



Figure 7. 

Finally, suppose that for some t e R, a — aft) and b = bft) satisfy ab = 1. Then 
a/a = k, or a = a 77 Since a is a solution of ( |4.6|) , we have 

a 2 + (k — 3 )a + k = 0 =>■ a 2 n 2 + (k — 3 )aK + k = 0, 

or, after multiplying by hi 2 , 

a 2 + k(k — 3)a + n = 0. (4.7) 

Comparing (fT7|) and ( |4.6| ) for z = a, we conclude that 

k(k — 3) —~K — 3 n 2 (n — 3) = 1 — 3k (k — l ) 3 = 0 


which shows k = 1 . 


□ 
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Lemma 4.3. For any z e T, the closed curve F, : [0, !]—»•¥ defined by 


r,(«) = 


z — aft ) \ ( z~ bft) 
1 — a(t)z ill — b(t)z 


(4.8) 


is null-homotopic. 


Note that when z — 1, there is no ambiguity in the definition of IN. In fact, by 
(PD and ® , 

1 — c ~ K -2 + k + k 
r, = —=— =-= i 

1 — (f T K —2 + K + hi 

so that Ifi is the constant loop 1. 

Proof. Consider the two homotopies ft, s ) i—► aft, s ) and ft, s ) i —> bft , s ) rel {1} defined 
by 

aft, s) = (1 — s)a(t) + s, bft, s) = (1 — s)b(t) + s. 

Note that |a(f,s)| < 1 and |6(t, s)| < 1, with the equality if and only if a(t,s) = 1 
and b(t,s) = 1. Consider the map defined by 


H(t,s) = 


z — a(t, s) \ ( z — b(t, s ) 


1 — aft, s)z I \ 1 — b(t, s)z 

A brief computation shows that when z — 1, H(t,s ) = 1. Evidently H defines a 
homotopy between H{-, 0) = IN and the constant loop H(-, 1) = 1. □ 


Proof of Theorem \4.1[ Start with the closed curves t ^ aft ) and t t —> bft ) of Lemma [4.2| 
and form the Blaschke product 


B t 


e ~2m{u+t) z 


aft ) 


1 — aft)z 


z ~ b(t) \ 
1 — y 


When f is not an integer, B l has degree 3 by Lemma |4.2| (iv) and satisfies conditions 
(i) and (ii) required by Theorem |4.1| . Moreover, it maps the unit circle T to itself, 
and has no critical points in T other than 1, hence B f |t is a critical circle map. So 
to finish the proof, it suffices to show that for some f ^ Z, the rotation number of 
the restriction of B* to the circle T is equal to 9. To this end, consider the universal 
covering map K. —> T given by z = zfw) = e 2mw . Since B° : z t—> e~ 2mv z, a lifting of 
B° to the real line will be the affine map B° : w i—► — v + w. The loop {t i—> 
can then be lifted to a path {t i—> B 1 } 0 <t< 1; with 


& : w I—>• —v — t + w + ——7 log(T e 2 .™ m 


where T z is the closed curve defined in (|4.8|) . Let pft) = lim n ^ 00 (B t )° n fw)/n. It 
is a standard fact that p is well-defined and independent of w and the map t t— > 
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p(t) is continuous (see for example ||dMvS|| ). The rotation number of B t is then 
the fractional part of pit). Evidently p(0) = —u. Since T^ is null-homotopic by 
Lemma [4.3|, we simply have B 1 : w t—► — v — 1 + w, so that p(l) = — v — 1. It follows 


that for some t between 0 and 1, p(t) = 6 (mod 1). Hence the rotation number of the 
corresponding B f is 9. □ 


4.2. Corollaries of the construction. As we shall see below, the Blaschke product 
Bg <v we constructed above and the Blaschke model Qg of §|3j share many common 
properties. This will allow us to define drops, limbs, drop-chains etc. in a similar 
fashion for Bg v . We will also describe a quasiconformal surgery transforming Bg u 
into the quadratic rational map Fg v . 

Let 0 < 6 < 1 be irrational and 0 < v < 1 be irrational of Brjuno type, and 
set B = Bg u . By ([4~T|), B(z) = e~ 2m,/ z + 0(z 2 ) near z = 0, so by the theorem 
of Brjuno-Yoccoz HYo2j the origin is the center of a Siegel disk U° for B. We have 
U° CD since the unit circle is a subset of the Julia set. Since B commutes with the 
reflection T : z i—► 1/z, there exists a Siegel disk U°° = T(f/°) centered at infinity. 
In the local coordinate w = 1/z near infinity, the map w i—> l/B{l/w) has the form 


w 


e 27 r * l 'u> + 0(w 2 ), so the rotation number of U°° is logH^cxi) = v 


B has zeros at {0, a, b} and poles at {oo, 1/a, 1 /b}. The preimage H _1 (T) consists 
of T and an analytic closed curve homeomorphic to a figure eight with the double 
point at z = 1. This curve and the basic dynamics of B are shown in Fig. 13. By the 



1:1 



Figure 8. The preimage B X (T) and the basic dynamics of B. 


theorem of Yoccoz (see subsection |2.3|) , there exists a homeomorphism h : T 
unique if we require that h( 1) = 1, such that hoB\j = pgoh. Denoting by H : ID 
the Douady-Earle extension of h, we define the modified map B as 


T, 


B(z) = B dl/ (z) 


B(z) |z| > 1 

(H^ 1 o Qg O H)(z) \z\ < 1 


(4.9) 
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The map B is a degree 2 branched covering of the sphere, holomorphic outside of B. 
It has a Siegel disk U°° centered at oo and a “topological Siegel disk,” namely the 
unit disk B, on which its action is topologically conjugate to an irrational rotation. 

The definition of drops and their addresses for the map B carries over word for word 
from subsection |3.2| . In particular, the unit disk B is the 0-drop, and its immediate 
preimage U\ = R _1 (B) \ B is the 1-drop of B. As before, the root of the drop 
U blb2 ... bk is the point = dU blb2 ___ bk _ lbk n As in subsection 0, for 

each sequence of drops {U 0 = B, U bl , U blb2 ,...} where each U bl ___ bk is the parent of 
U b 1 ...L k+1 , we define the drop-chain 


e = lK-*»- < 41 °) 

k 

and the corresponding drop-ray R(C) C C. We can also define the limb L bl _ bk as the 
closure of the union of U bl ___ bk and all its descendants: 


B b i-" bk ^ J 

In anticipation of the analogue of Theorem |3.5| , let us define the accumulation set 
of the drop-chain C in (fhlO|) as the intersection of the decreasing sequence of limbs 
L bl D L blb2 D L blb2b3 D ■ ■ ■. In the case when this set is a single point {p}, we shall 
say that R(C) or C lands at p. 

As an analogue to the “filled Julia set” K{Q ), we define 

K(B ) = K{Bq }V ) = {z G C : The orbit {B on (z )} n >o never intersects U°°} 


and 

J(B) = dK(B). 

Both sets are nonempty and compact. However, K{B) is no longer full. The simply- 
connected basin of infinity for Q is replaced by the Siegel disk U°° of B and all its 
infinitely many preimages (compare Fig. [S|). 

Finally, if 9 is of bounded type, we can perform the same kind of quasiconformal 
surgery as in subsection 3A to obtain a quadratic rational map from B. In this case by 
Herman’s theorem (see subsection |2.3|) the homeomorphism h which linearizes B\j 


is quasisymmetric, therefore its Douady-Earl extension H is quasiconformal. The 
map B = Bo, y is a quasiregular branched covering of the Riemann sphere. We 
define a Bg tV - invariant conformal structure crg^ on the sphere by setting it equal to 
the standard structure cr 0 on C \ K(Bg u ), to H*a 0 on B, and to (B™ u )* H*a 0 = 
(Bg n u )*H*ao on every drop of depth n. The maximal dilatation of ag jU is equal to the 
dilatation of H , and by the Measurable Riemann Mapping Theorem, there exists a 
quasiconformal homeomorphism ^ : C — > C with , 0*<To = &o,w The conjugated map 
F = iJjo Bg^oijj^ 1 is a degree 2 holomorphic branched covering of the sphere, that is a 
quadratic rational map. Let us normalize by assuming ^(oo) = oo, 0)) = 0 








26 


MICHAEL YAMPOLSKY, SAEED ZAKERI 



Figure 9. Set K{Bg iV ) ford — v — (a/5 —1)/2. Numerical experiment 
gives a = —0.019048 — 0.298116*, b = 3.280417 — 0.667122* for these 
choices of 6 and. v. There is a striking similarity with the corresponding 
picture for the quadratic rational map F of Fig. [|, up to a 90° rota¬ 
tion. The reason is the existence of a quasiconformal homeomorphism 
conjugating Bq v to F which is conformal in the white region. 

and 0(/3) = 1, where f3 denotes the hxed point of Bg tU in C\(h°°UD). By inspection, 
we have F = Fg )U in (pTl]) , so that 

F e , v = 0 ° Bg tU o 0 _1 . 

Recall that has two Siegel disks A 0 and A°° centered at 0 and oo, which are the 
images A 0 = -0(D) and A°° = 0(7/°°). As a first consequence we obtain 

Theorem 4.1. Let 0 < 6 < 1 be an irrational of bounded type. Then the boundary 
of the Siegel disk A 0 of Fg. v is a quasicircle passing through a single critical point of 

Fg,u- 

Observe that there is a natural symmetry 

Fe, v = 1 o F vfi o J, 
where X is the involution z i—> 1/z. 
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Corollary 4.4. Suppose that both 0 < 9 < 1 and 0 < v < 1 are irrationals of 
bounded type. Then the boundaries of the Siegel disks A 0 and A°° of Fg t v are disjoint 
quasicircles, each passing through a critical point of Fg )U . 

The involution I provides us with a quasiconformal conjugacy between Bg <v and B U) g. 
In particular, setting 

K°°{Be, v ) = C \ K(Bg !U ), 

we have 

Corollary 4.5. There exists a quasiconformal homeomorphism of the Riemann sphere 
mapping the set K°°(Bg jV ) to K(B u g). 

Hence for the map Bg }l> we can naturally define the drops growing from infinity 
Uff Lk cC \ K(Bg tV ), with Uq° = U°°, limbs growing from infinity L™ 1 etc. 

We conclude with another immediate corollary of the above construction: 

Corollary 4.6. With the above notation, dK{Bg v ) = dK°°{Bg v ). 

Proof. Under the surgery construction, both sets dK(Bg u ) and dK°°(Bg tV ) corre¬ 
spond to the Julia set J(Fg tl> ). □ 


5. Construction of Puzzle-Pieces 


The goal of this section and the next one is to establish the following analogue of 
Theorem |3.5| : 


Theorem 5.1. Let 0 < 9, v < 1 be irrationals of bounded type, with 6 ^ 1 — v, and 
consider the modified Blaschke product Bg v of ( \j.k\ ). Then as the depth of a limb 
L bl ... ik goes to infinity, diam(L tl 9 oes t° zero. 


It follows from Corollary [L^ that diam(L~ ) —> 0 as t\ + ... + 4 , — > oo. 

We start by constructing puzzle-pieces. Our construction closely parallels the one 
presented by Petersen in |Pe|]. For simplicity, set B = B d l/ and B = Bg u . Denote 


by C the drop-chain 

C — Ufl U U\ U U [] U U\\ \ u • • •. 

The following refinement of Douady-Hubbard-Sullivan Landing Theorem can be found 

in [TY| |: 


Lemma 5.2. Let F be a rational map and let A denote the closure of the union of the 
postcritical set and possible rotation domains of F. Suppose that 7 : (— 00 , 0] —> C \ A 
is a curve with 

F onk [ 7 (_oo, -k}) = y(— 00 ,0] 

for all positive integers k. Then lim^_ 00 7 (f) exists and is a repelling or parabolic 
periodic point of F whose period divides n. 
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We can apply the above lemma to the drop-chain C, setting 7 to be the drop-ray 
R{C ) parameterized so that the root of the (k + l)-st drop corresponds to t — —k. 
We conclude that R(C) lands at the unique fixed point (3 of B in C\ (DUf/°°). Since 
(3 is necessarily repelling, the size of the drops in C decreases geometrically, and the 
drop-chain C lands at the point (3. Repeating the argument, we see that the drop-ray 
R{V) associated to the drop-chain 

V = U°° U U(° U Ug U^U--- 

lands at a fixed point as well, which is necessarily f3. Let C' be the drop-chain 
U 0 U U 2 U U 21 U • • • mapped to C by B , and similarly define the drop-chain V = 
U°° U U 2 0 U Ugl U • • ■ . Then C and V have a common landing point (3' 7 ^ (3 , which 
is a preimage of (3 in C \ (D U U°°). 



Figure 10. The 0-tli critical puzzle-piece Pq and the “spines” Tq and 
(see §0). 

As before, the moments of closest returns of the critical point z — 1 are denoted 
by {q n }- Recall that these numbers appear as the denominators of the convergents of 
the continued fraction of 9. We define the 0-th critical puzzle-piece Pq as the closure 
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of the connected component of 

C \ (D U U°° U C U C U V U V) 

which contains the arc [1,P _ 1 (1)] 9 B oqi { 1) in the boundary (see Fig. |10]). We in¬ 
ductively define the rt-th critical puzzle-piece P n C C \ D as the closed set which is 
mapped homeomorphically onto P n _i by B oqn and which contains the arc [1, B~ qn (l)\ C 
T in the boundary. The following proposition summarizes some of the properties of 
critical puzzle-pieces: 

Proposition 5.3 (Properties of puzzle-pieces). 

(i) The puzzle-piece P n intersects the unit circle T along the arc [1, B~ qn (l)\. 

(ii) B oqn {P n n dUi) = [B oqn (l),B~ qn ~ 1 (l)\. 

(iii) B° qn+qn - 1+qn - 2 (P n fl dU qn+ i) = [1, B oqn - 1+qn - 2 (l)}. 

(iv) P n contains the drop U qn+2+ 1 . 

Proof. Observe that B oqn is a homeomorphism [B~ qn ( 1), B~ qn ~ qn ~ 1 (1)] — [. B ~ qn ~ x , 1] 
with one critical point at 1. Thus the univalent inverse branch B~ qn sending P n _i to 
P n maps the arc [B~ qn ~ 1 , 1] onto the union of [l,P” 9 n (l)] and a subarc of dU\. The 
hrst three statements now follow by induction on n. As seen from the combinatorics of 
closest returns (see § pT3|) 9[/g n+2+ iflT = B~ qn+2 { 1 ) is contained in the arc [1, B~ qn ( 1 )]. 
Evidently, the drop U qri+2+ 1 has no intersections with <dP n , thus U qn+2+ 1 C P n . □ 

The preimages of the puzzle-piece Po have the following nesting property: 

Lemma 5.4. Let Ai and A 2 be two distinct univalent pull-backs of the puzzle-piece 

o o 

P 0 such that Ai fl A 2 ^ 0. Then either Ai C A 2 or A 2 C^. 

Proof. By construction, the boundary of the puzzle-piece Po consists of an open arc 
7 C C UC' which is made up of the boundary arcs of various drops U bl „. Lk , a similarly 
defined arc 7 00 cVUV and points / 3 , /?' (see Fig. |10j). Denote by 71 , 7 “, Pi, /3[ the 
corresponding parts of dA\, and label the boundary of A 2 in the same way. 

Evidently 71 does not intersect 7 “ or the points /3 2 , (3 2 , so it can only intersect 
72 . Similarly, 7 ^° can only intersect 7 “. Suppose that y G {Pi, P’l} fl {P 2 ,P 2 }. Then 
B~ k (P ) = y for some choice of the inverse branch. Since P is not in the post-critical set 
of B , this branch of B~ k has a univalent extension to a neighborhood of p intersecting 
the boundary of Pq along a non-empty open arc. Pulling back, it follows that for some 
neighborhood D of y, 71 fl D = 72 fl D and 7 ^ fl D — 7 ^° fl D. 

Now assume that the claim is false. Let Ai = P _m (Po) and A 2 = P -n (Po), with 

O 

m < n. Then by the above observation, either 72 or 7 ^° intersects both Ai and 

C y Ai. Therefore, either P° m ( 72 ) or P om ( 7 ^°) intersects both P 0 and C y Po. To 
£ x the ideas, let us assume that P om ( 72 ) does. Note that B om ( 72 ) fl dP 0 C 7 , hence 
P om ( 72 ) must intersect the union of the drop-rays R(C) U R(C') transversally at a 
root x of a drop in C U C. Now under B° n ~ m a small open subarc of P om ( 72 ) around 
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x maps homeomorphically to a subarc 5 C 7 around B on ~ m (x). Since the orbit 
x, B(x),... ,B on ~ m (x ) does not contain the critical point 1, it follows that 5 also 
intersects R(C) U R{C) transversally at B on ~ m (x), which is impossible. □ 

Corollary 5.5. For all n > 0 we have P n+2 ^ P n . 

o o 

Proof. It is clear from the definition of critical puzzle-pieces that P n + 2 H P n 0. By 
Proposition |5.3| (i), P n+ 2 fl T C p n n T. The claim now follows from Lemma |5.4| . □ 

Lemma 5.6. Let U be a topological disk whose boundary is contained in a finite union 
of the boundary arcs of drops (resp. drops growing from infinity). Then U itself must 
be a drop (resp. drop growing from infinity). 

Proof. Let us consider the case of drops. The proof for the case of drops growing 
from infinity is similar. The modified Blaschke product B is an open mapping, so it 
satisfies the Maximum Principle in C \ Uf°. Since B° n (dU) C T for a large n, we 
must have B on (U ) C D, which means U itself is a drop. □ 

Lemma 5.7. Let A be a univalent pull-back of the puzzle-piece Pq. Suppose that a 
drop at infinity £/“ is contained in A. Then A contains the whole limb L™ . 

Proof. Let us denote by 7 “ C dA the part of the boundary of A made up of the 
boundary arcs of drops at infinity. Assume by way of contradiction that there is a 
drop at infinity Uff tfc tfc (fi A. Let T> be a drop-chain containing Uff tfc . Let 

5 C &D be an arc connecting the root of Lfff to a point in dUff tfc tfc m \ A. Then 5 
goes in and out of A, but it only intersects dA at the points of 7 “. Thus the curves S 

O 

and 7 “ bound a topological disk U C A . By Lemma |5.6| . U itself is a drop growing 
from infinity. Since U shares a non-trivial boundary arc with another drop growing 
from infinity, we arrive at a contradiction. □ 

Lemma 5.8. The puzzle-piece P n contains a Euclidean disk D centered at a point in 
J(B) with cliam(D) > Ii\[l, B~ qn (l)]\ for some K independent of n. 

Proof. Note first that by Proposition |OKiv), U qn+2 +i F Pn- Since B oqn+2 { 1) is a clos¬ 
est return of the critical point 1 G T, B~ qn+2 \f maps the arc (B~ qn+2 (1), B° qn+2 (l)) 
diffeomorphically onto (B~ 2qn+2 (1), 1). This inverse branch has a univalent extension 
to a neighborhood of 1, which we denote by fin. By Swiatek-Herman real a priori 
bounds (see the discussion in the end of § |2.3|) , the segments [B~ 2qn + 2 (1), B~ qn+2 (1)\, 
[B~ qn+2 (1), 1] and [1, B° qn+2 (1)\ are Ki -commensurable. Here the constant K\ be¬ 
comes universal for sufficiently large n and therefore can be chosen independent of 
n. Moreover, 1/A ' 2 < (^(l) < Jl 2 for some K 2 > 1 which is also independent of 
n. By Koebe Distortion Theorem we may choose a Euclidean disk D around the 
point 1 commensurable with [1, B oqn+2 (l)\ such that if n has bounded distortion in 
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D. Now let us pull back a sub-disk D' C D centered at a point in dU\ to obtain a 
Euclidean disk D i cC\D around a point in dU qn+2+ i such that both diarri D[ and 
dist(Di, B~ qn+ 2 {1)) are A' 3 -cornrnensurable with [1, B° qn+ 2 (1)\ for some K 3 indepen¬ 
dent of 71 . 

Denote by D\ c D the disk symmetric to D\ with respect to T. Let D 2 C U\ be 
given by B(D 2 ) = D[. ft is clear that D 2 is again commensurable with [1, B ogn+ 2 (l)\, 
and so is dist(D 2 ,1). By Koebe Distortion Theorem, the image if n (D 2 ) C U qn+2+ 1 C 
P n contains a Euclidean disk with the desired properties. □ 

The last property of puzzle-pieces we need is the following: 

Lemma 5.9. There exists N > 0 such that for all n > N the puzzle-piece P n does 
not intersect dU°°. 


Proof. Since the boundary of the Siegel disk U°° is forward-invariant, we only need 
to show the existence of one N such that Pn fl dU°° = 0. Assume this is false. Let 
us denote by l n the boundary arc of P n connecting 1 to dU°°. By Lemma the 
curves in the orbit 




(5.1) 


are disjoint. By the theorem of Yoccoz (see subsection |Q| ) the maps B | T and B\q V ^ 
are topologically conjugate to rigid rotations. Since the inverse orbit of a point under 
an irrational rotation is dense on the circle, the maximum diameter of the pieces into 
which the curves (|5 . 1|) partition the boundaries of D and U°° goes to zero as n — > 00 . 
We may therefore construct an orientation-reversing topological conjugacy between 
the circle maps B\j and B\du°°. This contradicts the fact that 6 7 ^ 1 — u. □ 


6. Complex Bounds 


The proof of Petersen’s Theorem presented in |[Ya|| is based on a version of estimates 
employed in the same paper for proving a renormalization convergence result. In 
renormalization theory it is customary to use the term complex a priori bounds for 
such estimates. Our goal in this section is to adapt these bounds to the Blaschke 
product model introduced in §||. 

As before, let us fix irrationals 0 < 9, v < 1 of bounded type, with 6 7 ^ 1 — u, and 
set B = Be ui B = B 0tV . Recall that B is a Blaschke product of the form 

B = z 1 —> A z 


1 - az J V 1 — bz 
where |A| = 1, 0 < \a\ < 1 and \b\ = |a| -1 . We set 

B( 1) = e 2mT with 0 < r < 1 
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The convergents of the continued fraction 6 = [cq, a 2 , a 3 ,... ] will be denoted {p n /Qn}- 
First note that (B(z)—B(l))/(z— l) 3 is a bounded holomorphic function in the domain 
C y (O U U°° U C/f°). As a consequence, 

C~ l \z - 1 | 3 < | B{z) - 5(1)| < C\z - 1 | 3 (6.1) 

in this domain, for some positive constant C. 

Let S be the translation-invariant infinite strip which is mapped onto the open 
topological annulus C y (U° U U°° ) by the exponential map z h-> e 2mz . Let us denote 
by Sj the domain obtained by removing from S the points of the real line that do 
not belong to the interval J CK: 


Sj = {S yK)U J. 


Let B(z) denote the (multi-valued) meromorphic function ^ log B(e 2mz ) on S. On 
the real line B has singularities at the integer points, whose images lie at the integer 
translates of 0 < r < 1 . Its other singularities lie at the boundary curves of S at 
the points ±s + j, j G Z, which are mapped by the exponential map to the critical 
points on the boundaries of the Siegel disks U° and U°° of B. By the Monodromy 
Theorem, in the domain S'( T+ j )T+ j + i) with the critical values removed, we have well- 
defined branches 0j )m of the inverse B~ 1 , mapping the open interval (r + i, r + i + 1) 
homeomorphically onto the interval between two consecutive integers (m, m + 1 ) (see 
Fig. 0). The maps (j) hm range over the simply-connected regions 


5 , 


(m,m+1) 


\ 


(AL.ogtOjutgk.g^)) 


( 6 . 2 ) 



1+i z+i+1 


Denote by T : T y (5(1)} —> / = (r — l,r) the single-valued branch of A- log(z) 
mapping 1 to 0. Define the (discontinuous) map (j) : / —> / by 

j/„\ _ J <t>- 1 , 0 ( 2 ) for z e(r- 1, T(5 o 2 (l))], 

\ <f>-i,-i(z) for z e (T(5 o 2 (l)),r). 
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Let us fix an n > 2 and consider the inverse orbit 

( 1 , £°«"( 1 )), (B-\ 1 ), B° q "-\l)), ... , 1 ), 1 ). 

Set J-i = T((H _ *( 1 ), L?° 9 n- *( 1 ))) and consider the 0-orbit 

Jqi J—1i J—2 j ■ ■ ■ j J-q n - 


(6.3) 


(6.4) 


By the combinatorics of closest returns (see subsection |2.3|) the smallest value of i > 0 
for which the arc B~ l {( K B~ qn { 1), 1)) C T contains the critical point 1 is q n +\. Also, 
the smallest j > 0 for which 1 G B°i((B~ qn ( 1), 1)) is q n+ 1 + q n . As g n+ i > q n + 2, 
the interval (L>~ fc ~ 2 (l), H° 9 n_fe ~ 2 (l)) does not contain 1 for 0 < k < q n — 1. Hence, 
H o 2 (l) 0 (£> _fc (l), _g° 9 ™-fc(i)) for 0 < k < q n — 1. In other words, the intervals J_ fc 
of the orbit ( |6.4| ) for 0 < k < q n — 1 do not contain the point of discontinuity of the 
map 0. By its definition, the map 0 : J-k — 1 ► J-k-i for 0 < k < q n — 1 has a univalent 


extension to Sj_ k . As seen from (| 


|) the range of this univalent map is a subset of 
J_i —> J-i-i for 0 < i < i + l < q n univalently 


Sj_ k _ i, hence the composition q9 
extends to the entire Sj .. 

Consider the univalent extensions of the iterates 0 fe : Jo —> J-k to the strip Sj 0 for 
1 < k < q n . Applying these univalent branches to a point z G Sj 0 , we obtain the 


inverse orbit, corresponding to the orbit ( \6.4 1 ) 


^ = z 0 , Z_1, z_2, ■■■ , Z-,„, where = 4> k (z 0 ). 


(6.5) 


A corresponding inverse orbit of a subset of Sj 0 is similarly dehned. 

Let C j D Sj denote the slit plane (C \ M) U J. One easily constructs a conformal 
mapping of this domain to the upper half-plane to verify that the hyperbolic neigh¬ 
borhood {z G Cj| distcj(^, J) < r} for r > 0 is the union Dg(J ) of two Euclidean 
disks of equal radii with common chord J intersecting the real axis at an outer angle 
6 = 9{r) (see [ |dMvS|| ). An elementary computation yields in this case 

r = logtan(7r/2 —0/ 4). 

The standard properties of conformal maps imply that the hyperbolic neighborhood 
{z G Sj | distgj (z, J ) < r} also forms angles 9 = 9(r) with M. We choose the notation 
Gg(J) for this neighborhood. The Schwarz Lemma implies that Gg(J) C Dg(J). 

Let S' C C be a horizontal strip invariant under the unit translation, which is 
compactly contained in S. A specific choice of S will be made later in our arguments 
(see the remarks before Lemma |6.4| ). Let / be a bounded interval in M. For a point 

z G Si not belonging to M, denote by 0 < (z,I) < 7 t /2 the least of the outer angles 
the segments joining z to the end-points of / form with the real line. The following 
adaptation of Lemma 2.1 of 
branches: 


Ya|| will be used to control the expansion of inverse 
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Lemma 6.1. Let us fix n and consider the inverse orbit (M)- Let k < q n 
Assume that for some i between 0 and k, Z-i G S and (z-i, J-f) > e > 0. Then 

distO-fc, J_fc) < dist [z,-i , J-i) 


- 1 . 


J-i 


J-i 


for some constant C = C(e, S) > 0. 


Proof. First observe that B 9n |-f is a diffeomorphism on the arc [B o2qn ( 1), B 9n (l)] C 
T which contains the arc [B oqn ( 1), 1] in its interior. Moreover, by Swiatek-Herman real 
a priori bounds (see subsection |2.3|) , the latter arc is contained well inside of the for¬ 
mer. As seen from the combinatorics of closest returns, the iterates B~ q ([B° 2qn (1), B~ qn 
do not contain J? o2 ( 1) for j < q n — 1. Setting H = Y([B° 2qn (1), B~ qn (1)]), we see 
that Jo is contained well inside of H , and (jfi : Jo —> J-j univalently extends to Sh for 
1 < j < q n — 1. Set T = <f l {H) d J-i. By Koebe Distortion Theorem, there exists 
p > 0 such that both components of T \ J-i have length at least 2p\ J-f\. Note that 
the iterate 

^ok-i . J_. ^ J_ k 

has a univalent extension to St- 

Let us normalize the situation by considering the orientation-preserving affine maps 


«i : J-i —> [0,1] and a 2 : J-k —> [0,1]. 

The composition a 2 o fi ok ~ l o af l is dehned in a straight horizontal strip 


Y = {z e C[_ 2pi i +2p] : | Im z\ < M} 

for some M > 0 independent of n. The space of normalized univalent maps of Y is 
compact by Koebe Theorem, thus the statement is true if dist (z, J-%)/\ J-i I < P- 
Now assume dist( 2 , J-i)/\ J-i\ > p- Consider the smallest closed hyperbolic neigh¬ 
borhood Gg(J-i) containing 2 _j. Recall that Z-i is contained in a strip S d S. For a 
point (eC 1 with dist(C, J) > p\I\ and (£, I) > e, the smallest closed neighborhood 
D 0 (I) 3 ( satishes diarn Dg(I) < C(p, e) dist (C, I) (see |Ya [, Lemma 2.1). Therefore, 
we have diam Gg(J-i) < C(p, e, S) dist( 2 , J-i) and by Koebe Theorem, 

diam Gg(J-i) diam Gg(J-if) 


\J-i\ 


\J-u 


By the Schwarz Lemma, Z-k G Gg(J-k) and the claim follows. 


□ 


Set I m = T([l, R 0<?m (l)]), and let G m denote the hyperbolic neighborhood 

G«(T([R° 9m + 1 (l),R' ?m -' ?m + 1 (l)])) 

where 0 < a < n/2 will be specihed later. The following two lemmas are direct 
adaptations of Lemmas 4.2 and 4.4 of [0, for which the reader is referred for a 
detailed discussion supplemented with figures. In both lemmas we work with the 
orbit (|6.5|) for some fixed value of n. 
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Lemma 6.2. Let J and J' be two consecutive returns of the orbit t \6.f\ ) of J 0 to I m 
for n > m > 1 and let (' be the corresponding points of the inverse orbit t \6.5 \ ). 

If ( 6 G m , then either Q' G G m or (£', J') > e and dist(C / , J') < C\I m \ where the 
constants e and C are independent of m. 


We remark that the constants e and C will in general depend on the choice of the 
Blaschke product B. The argument is illustrated in Fig. p~2| . 

Proof. Note that J = J-i and J' = for some i < q n — q rn+ i ■ Recall that 

G m = G a {Y {\B oqm+1 [1), B qm ~ qm+1 {!)])). Let G m denote the pull-back of G m along 
the inverse orbit J,... , J'. Also let G' m denote the pull-back of G m along the piece 
of the orbit J,... , 0° 9m_1 (J), and let G'” m = 4>(G' m ). 

The combinatorics of closest returns (see subsection |2.3|) implies that the restriction 
9m+i 9m _ gm+i i s a cliffeomorphism. Hence the pull-back of G m along 
the orbit J,... , (jf qm ~ l {J) is univalent. By the Schwarz Lemma, 

G' m C G Q .(T([R° 9m+1_,Jm+1 (l), R 1_9m+1 (l)])). 

By Swiatek-Herman real a priori bounds, the critical value r divides the interval 
T([R° 9m+1_9m+1 (l), R 1_ ' ?m+1 (l)]) into K x -commensurable pieces, where K\ becomes 
universal for large m, and can therefore be chosen simultaneously for all m. As 
the absolute value of the derivative of the exponential map is bounded away from 
0 and oo on the strip S, the estimate O is still valid for the lifted map near 
the critical point. Together with elementary properties of the cube root map this 
implies that G" m C G / 3 ([T(R° <?m+1 ~ 9m (l), 1])) for some /? > 0 independent of m. Let 
Vo C S be the union of the connected components of Ailog(f/i) attached to 0 (see 
Fig. [12]) . Since the boundary of G" m contains a segment of <9Vo which forms outer 
angles 7t/3 with M at 0, we have G" m C G 7 ([T(R° 9m+1-9m (l)), ai]) UG CT ([a2,0]) where 
the points T(R°' ?m+1_ ' ?m (l)), a\, gq, 0 form a AVbounded configuration with ih 2 , 7 > 0 
and a > 7t/2 > a independent of m. 

The pull-back of G'' n to G rn is univalent. Applying the Schwarz Lemma we have 
G m C G m U G 7 ([0, T(R _9m + 1+9m (ai))]) and the claim follows. □ 


Lemma 6.3. Let J be the last return of the orbit $-40 t° the interval I m preceding 
the first return to I m + i for n — 1 > m > 1, and let J' and J" be the first two 
returns to I m + 1 - Let (, (' and (" be the corresponding points in the inverse orbit 
0, so that (' = </> 09m (C), C" — f> oq7n+2 (C) ■ Suppose that ( G G m . Then either 
1 ) > e = e(B) > 0 and dist(C", J") < C(B)\I m+1 \, or (" G G m+1 . 

Proof. Note that J C Y([B oqrn+1+qrn (1), B° qm (1)]). By the Schwarz Lemma, 

C' G G^(T([R° 9 -+ 1 -^(1),1])) 

for some (3 > 0 independent of m. Denote by J and J the intervals of (|6.4|) such that 


cj) oq m +1 = J and <f>° qrn (J ) = J, and let ( be the corresponding points of (|6.5|) . 
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Figure 12. 


We have J C T([B oqrn (1), B oqm ~ qrn+1 (1)}) and ( G Gp(T([B oqTn (l), B oqrn ~ qm+1 (1)])). 
By the Schwarz Lemma and elementary properties of the map B (see ( |6.1| )), there 
exist points bi, b 2 in T([l, 5 _ 9 m+ 1 (l)]) such that 0, bi, b 2 , Y(P _<?m+ 1 (l)) form a K- 
bounded conhguration, and 

CeG„([0.6 1 ])UG 7 ([6 2 ,T(B-’"+‘(l))]) 


for a and 7 independent of m and cr > 7 t/ 2 . The claim now follows from the Schwarz 
Lemma. □ 


Let us now select a strip S <s S used in Lemma | 6 J]. By Lemma ^]9] there exists 
N > 0 such that P n D dU°° = 0 for all n > N. Let E be an annulus around 
the unit circle, compactly contained in the domain C \ ( U°° U U ) and such that 
P n UPn + i C E. We set S to be the strip ^~ log(F). Let P n denote the component of 
log(P n ) attached to Y([l, P _IJn (l)]). Our argument culminates in the next lemma: 


Lemma 6.4. As before let P n denote the n-th critical puzzle piece and N be as above. 
Then for all n > N + 3 we have 


diarn P n < C\ 


diarn P n _ \ 
|[5°9"-i(l),l]| 


|[1, B~ qn (l)]\ + C 2 


( 6 . 6 ) 


for positive constants C\, C 2 independent ofn. Moreover, for z G P n , either z G G n ^i 
or (z,I n - 1 ) > e > 0 , where e is again independent ofn. 
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Proof. Choose a > 0 in the definition of G n so that 

P N+ 2 U P N+ 3 C G a (T([B°^(l),B^-^(l)})) = G n+1 . 

By Corollary |5T^, P n+ 2 C P n for all n , hence P n C Gn+i for all n > N + 3. Fix a 
value of n > N + A. Let 


n 0 — P n - 1, n_i,..., u^ qn — Pj 


(6.7) 


be the inverse orbit corresponding to the orbit (|6.4|). We begin by establishing 


diam II _ 




<Kr 


diani P r , 


n —1 


\J-{qn- 1)1 Mol 

for some constant K\ which does not depend on n. 


( 6 . 8 ) 


Let ^ G dP n _ i and consider the inverse orbit ( |6.5| ). Let m < n be the largest value 
for which z G G m . We will prove the estimate ( |6.8| ) using an induction on m. Let 
T_i,... , T_fc be the consecutive returns of the orbit of J 0 as ( |6.dD to I m until the first 


return to I m + i, and let C-i, • • • , C-fc be the corresponding points in (|6T5| ) . Note that 
by Swia.tek-Herman real a priori bounds, the intervals XLj are all Ji-commensurable 
with Jq, for some K independent of n. ft is easily seen from the combinatorics of the 
closest returns that the elements LL*.. of the inverse orbit ( |6.7|) corresponding to the 
points (-i intersect the real axis along a subset of (Pn U -P/v+i) D M. By Lemma |5~4 , 
Ll_fc. C P N UP N+1 , so G S. By Lemma |6.2|. either there exists a moment i between 
0 and k such that 

(C -ijm) > e and dist(C-i, T-f) < C\I m \, 

In the former case we derive (|6.8|) from Lemma |6.1|. In the latter case, 


or G Gr, 

consider the point (" which corresponds to the second return of ( |6.4| ) to I m + 1 - By 

Lemma ^3|, either (C",/ m +i) > e and dist(C", I m +i) < C\I m+1 \, or (" G G m+1 . 

In the first case we are done again by Lemma |6.1| . In the second case the proof 
of ( |6.8f )^is completed by induction on m. The same argument implies that either 

( Z- Qn , J-q n ) > e, or Z- qn G G n - 1 - The estimate (|6.6|) follows from (|6.8|) and (|6.1| ). □ 

diam P n -\ 


The estimate (|6.6|) implies that if 




> K for a large K > 0, then 


1 < 


diam I’,, 


< 


diamP n ! 


I[1, B~ qn (X)}\ 2 \(B°^(l),l}\- 

This implies that for large n the puzzle-piece P n is commensurable with its base 
arc [1, B~ qn (l)\. In combination with the previous lemma, this shows that P n C 
G (J (T(/ ri _i)) for some fixed a > 0. Applying the Schwarz Lemma to the inverse orbit 

Pn, B°^-^(P n+l ), B°^~ 2 ^(P n+1 ),... , B°^(P n+ 1 ), P n+1 , 


we see that 
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Corollary 6.5. There exists an angle 7 > 0 such that for large values of n, 

A+iCG 7 (T([l,£r»"«(l)])). 

Let us summarize the consequences. We first prove the following: 


Lemma 6.6 (Only two drop-chains). There are exactly two drop-chains of the form 
= u etu <md v 2 = u t Uf° v , accumulating at the critical point 1. Moreover, 
both of these drop-chains land at 1, and they separate U\ from D, in the sense that 
IJ\ and D belong to different components of C\ (V 1 U V- 2 ). 

Proof. Let V = (J /; Uff Lk be any drop-chain accumulating at 1. This implies that for 
an arbitrarily large n there is a drop Uff C T> which intersects the critical puzzle- 
piece P n . Since Uff cannot intersect dP n , Uff C P n . By Lemma |5T[ , the whole 
limb L “ is contained in P n . By Corollary |6.5| . diarn P n —> 0, hence the drop-chain 
V lands at 1. 

By Lemma [L 6 ] every puzzle-piece P n contains a drop at infinity Uff . Since 

o o 

P n + 2 C P n (Corollary |5~5|) and P n fl P n + 1 = 0, there exist at least two distinct 
drop-chains landing at 1 (passing through Pf s with even and odd n’s respectively). 
Clearly these drop-chains separate U\ from D. 

Assume that there is a third drop-chain landing at 1. This implies that there are 
two distinct drop-chains landing at the critical value B( 1). Then the complement of 
the union of these drop-chains has a component O which does not contain any of the 
drops Ui . This implies that O C (J which is a contradiction. □ 


The above lemma implies that for every i > 1 there are exactly two drop-chains 
D\, T >2 accumulating at the point ay = L>~* + 1 (1) e T. These drop-chains land at ay 
and separate Ui from D. We may now define, as in subsection |T3|, the wake with root 
ay to be the the connected component W t of C \ (T>\ U Vf) containing U l . For the 
corresponding limb we clearly have Li C W*. Due to the symmetry of the surgery 
(Corollary all the objects we have defined have their symmetric counterparts. 
That is there is a sequence of critical puzzle-pieces Pf° converging to the critical point 
c G dU°°, wakes W°° D U°° with Lf C W°° , etc. 

We now proceed to give the proof of Theorem 5.1 , which will occupy the rest of 
the section. 

Proof of Theorem. \ 5. 1\ . Let T> = (J fc Uff be a drop-chain accumulating at a point 
z G J(B). We would like to show that diarn L™ lk —> 0, which in turn will imply 
that T> lands at z. By symmetry of the surgery (Corollary |4.5|) this will prove the 
desired statement. Denote by Zi the forward iterate B ol (z). Let us consider the two 
possibilities: 

• Case 1. There exist n and m such that for i > m, Zi ^ P n U P n +\ U Pff U Pfff \ ■ Let 
( be a limit point of the sequence {zi}. Since the rotation numbers 6 , v are irrational, 
our assumption implies that ( ^ T U dU°°. Clearly, the point ( must be contained 
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in a wake at infinity, which we call W°°. Denote by i k the moments z ik e 


T OO 

L 3 ’ 


and 


by Cl k the univalent pull-back of Wf° along the orbit z,z 1 ,... , Z{ k . We refer to the 
following lemma to show that diarn (Q*.) 

1 . 10 ): 


0 as k —> oo (see for example Prop. 


Lemma 6.7 (Shrinking Lemma). Let F be a rational map. Let {F~ m } be a family 
of univalent branches of the inverse maps in a domain U. If U fl J(F) ^ 0, then for 
any V such that V C U, we have <\v&iii(F j f rn V) —> 0 as m —► oo. 


Applying this lemma to our situation, we conclude that diarn Q k —> 0. A drop 
Uff lk does not intersect the boundary of f^. Moreover, by the same argument 
as in Lemma |5.7| , if a drop Uff is contained in Q k , then L “ C A k . Thus the 
diameters of the limbs shrink to zero, and hence the drop-chain T> lands at z. 

• Case 2. To fix the ideas, let us assume that the critical point 1 is a limit point 
of the sequence {zi}. Let Zi n be the first point in the orbit {zi} contained in the 
puzzle-piece P n . Denote by 

To = p n , (6.9) 

the univalent preimages of P n along the inverse orbit z in ,... ,z. 


Lemma 6.8. There exist at most one moment i between 1 and i n such that element 
Y_i of the inverse orbit j \ 6 .£\) hits the critical point 1. Moreover, the pull-back $TQ ) 
decomposes into two maps with bounded distortion and, possibly, one iterate of B~ l 
near the critical value. 


Proof. Let us prove the first statement. To be definite let us assume that P n is above 
the critical point 1. Note that if Ylj fl T = 0 for some i < q n+ 1, then the inverse 
orbit ( |6.9| ) never hits the critical point for 1 < i < i n . Otherwise denote by A and 
B the “above” and “below” B ° qn+1 -preimages of P n . One verifies directly, using the 
observations made in Lemma |5.3| that A fl (T) C p n n (T) (compare IgU , Lemma 
6.11). By Lemma [5c|, A C P n , and thus z Qn+1 f A. The next possible moment when 
( p.9| ) hits 1 is i — q n+ i + q n . However, if Y _ qn+1 _ Qn fl T ^ 0, then we may verify again 
that Y_ qn+1 _ qn C P n , which is not possible by our assumption. 

Now let k < i n be the last moment when Y_ k (IT 7 ^ 0. As seen from the above ar¬ 
gument, in combination with Swi%tek-Herman real a priori bounds and Corollary |6.5| , 
the pull-back Y 0 —> • • • —> Y_ k decomposes into two maps with bounded distor¬ 
tion and, possibly, one branch of F -1 near the critical value. The combinatorics of 
closest returns and real a priori bounds also imply that dist(H_fc, B(l)) is greater 
than K { diarn Y_ k for some constant K { > 0. Hence the distance from Y_ k _ 1 to 
T U dU°° is greater than K 2 diarn Y_ k _ { for K 2 > 0, and the rest of the pull-back 
Y_ k —> ■ ■ ■ —> has bounded distortion by the Koebe Theorem. □ 


By Lemma |~> . 8 | and Corollary | 6 . cl the puzzle-piece P n contains a Euclidean disk, whose 
diameter is commensurable with diarn P n , centered at a point in J(B). Therefore, by 
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Lemma | 6 . 8 | , the domain Y_ in 3 z contains a Euclidean disk centered at a point of J(B) 
whose diameter is commensurable with diarn Y_ in . This implies that diarn Y_ in —> 0. 

c y_, 


By Lemma 5.7, if LL 


JO O 


c y_ 


then L*. 




shrink to zero, and the drop-chain T> lands at z. 


So the diameters of limbs L°° 


7. The Proof 

Throughout this section we fix a pair of irrationals 9 and v of bounded type, with 
6 ^ 1 — v. In what follows we prove the Main Theorem, that is we show that the 


quadratic rational map v of ( | 2 . 1 | ) is in fact the mating of the quadratic polynomials 
fg and f v in the sense we described in the introduction. 


7.1. Spines and itineraries. 

Consider the two drop-chains 


Let Qg be the modified Blaschke product Qg of (|3.2|) 


C = U 0 U U x U U u U • • ■, C = U 0 U U 2 u U 21 u • • • 


with Qg(C') = C. Applying Lemma ^72] again, we see that C and C land respectively 
at the repelling fixed point (3 and its preimage (3'. By the spine of Qg we mean the 
union of the drop-rays 

= R(C) U R{C') 

(compare Fig. |1^, where the image of the spine of Qg is shown in the filled Julia set 
of the quadratic polynomial fg for 6 = (\/5 — l)/2). Every point on the spine which 
is not in the interior of K(Qg) is either one of the endpoints (3, (3J or a preimage of 
the critical point z — 1. 

By Petersen’s Theorem [La] the Julia set J(Qg) is locally-connected. Thus the 
Bottcher map extends continuously from the basin of infinity of Qg to its boundary. As 
a consequence, there exists a Caratheodory loop r]g : K/Z —> J(Qg) which conjugates 
the angle-doubling map to Qg. A point z G J(Qg) is the landing point of an external 
ray R e (t) if and only if rjg(t) = z. It is easy to see that 770 ( 0 ) = (3 and 770 ( 1 / 2 ) = (3'. 

By Lemma |3.3| the critical point z — 1, hence every preimage of it, is biaccessible, 
that is it is the landing point of exactly two external rays. For the quadratic poly¬ 
nomial fg the converse statement is true for an arbitrary 9 of Brjuno type: Every 
biaccessible point in the Julia set J(f$) eventually hits the critical point |ZaTJ. The 




two external rays landing at the critical point of Qg are both mapped to the external 
ray landing at the critical value Qg( 1). This means that they have angles of the form 
cn /2 and (u + l)/2, where u = u(9) is a well-defined irrational number in the interval 
(0,1). It can be shown that the function 9 1 —> u>(9) is effectively computable (see 
and compare with subsection [ 8 . 2 | ) . 

Consider the two connected subsets of the Julia set 

Jg = {26 J{Qe) '■ z — Veif) for some 0 < t < 1 / 2 }, 

Jg = {*6 J(Qe ) : z = r)e(t) f° r some 1/2 <£<!}. 


(7.1) 
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By local-connectivity of J(Qg) (Theorem |3]5|), Jg U Jg = J(Qg ), and evidently Jg fl 
jg = (Un=0 Qg n ( 1 )) n Sg = {1 = Xx, Xu, Xlll, ■ • • } U {x 2 ,X 2 \, ^ 211 , • • • }• 

We proceed to define the itinerary of a point z G J(Qg ) with respect to Sg. This 
will be a dynamically-defined infinite sequence of 0’s and l’s which gives the binary 

(see [[Pol 


expansion of the angle of an external ray landing at z 


for a general dic- 


scussion on how one computes angles in similar situations). In the case where z is 
biaccessible, we define two different itineraries corresponding to the angles of the two 
rays landing at z. Set z 0 = z, z^ = Qg(zk-i). We consider three distinct cases: 

• Case 1. The orbit of z never hits the spine. Then 0 is not biaccessible and 
hence there exists a unique angle t with z = r)g(t). Define the itinerary of z to be the 
sequence e = (£ 0) £1, £2, ■ ■ ■), where £, G {0,1} is determined by the condition 


Zi e Jg% 


i = 0 ,1,... 


Then it is easy to see that the angle t has binary expansion Q.e 0 £\£2 

• Case 2. The orbit of z eventually hits the /3-fixed point, i.e., there exists the 
smallest integer n > 0 such that z n = (3. I11 this case, the angle t with z = rjg(t) is 
still unique. The itinerary of 0 is defined as e = (£ 0) £1, • • • , £ n , 0, 0, 0,...), where 


Zi G Jg* , * = 0,1, 2,... , n. 


The binary digits of the angle t are then given by the itinerary of z. 

• Case 3. The orbit of z eventually hits the critical point at 1. In this case there 
are exactly two angles 0 < t < s < 1 with rjg(t) = rjg(s) = z. Let us assume that the 
angles corresponding to the critical point have binary expansions u/2 = O.Ooqa^ • • • 
and (a; + l)/2 = 0. lay ay? ■ • • • Then the critical value v = Qg( 1) has a unique ray 
landing on it with angle u = O.uqu^.... Since v can never hit the spine, by Case 1 
above, the binary digits of u are uniquely determined by the condition 

* = l,2,... 


We are going to define two itineraries for z. Let n > 0 be the smallest integer such 
that z n £ Sg y {/3, P'}. Define the initial segment (e 0 ,... , £ n _i) of both itineraries of 
z by the condition 

Zi G Jg’, i = 0,1,.. . ,n - 1. 

(If n = 0, we define the initial segment to be empty.) Let m > 1 be defined by the 
condition z n+m = v = Qg(l). Since z n ,... , z n+m -1 all belong to the intersection Jg fl 
Jg, there is an ambiguity in assigning digits to the points of this part of the orbit of z. 
So consider z n and replace it by two points a n G Jg and b n G Jg , both sufficiently close 
to z n . It is easy to see that the points of the orbits a n ,... , a n+m _ 1 and b n ,... , b n+m _i 
have well-defined itineraries (e n ,... , £ n+m _i) and (e ' n ,... , £( l+m _ 1 ) determined by the 
conditions 

at G Jp, i — n, n + 1,... , n + m — 1, 

e' 

bi E Jg 1 , i — n, n + 1,... , n + m -»■ 1. 
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We call these two segments ambiguous. Note that e, + e[ = 1 for n<i<n + m— 1. 
Finally, follow these two by the well-defined itinerary of the critical value. We thus 
obtain two itineraries for z: 

£ j H U/ 1 ] , CU9 , . . .J , 

initial segment ambiguous segment itinerary of v 

S ( gQ, • • « ? ^n—1 ? ^ 77 ,? • • • 5 ^n+m—1? 1 ^-^2? * * ^ ) * 

initial segment ambiguous segment itinerary of v 

These two itineraries give the binary digits of the two angles t and s. 

Since Qg and fg are quasiconformally conjugate for 6 of bounded type, with the 
conjugacy being conformal in the basin of infinity, we have a completely similar 
description for the spine and itineraries of points in the quadratic Julia set J(fg). 
Fig. [13] shows the spine and selected rays for fg with 6 = (y/5 — l)/2. 

We summarize the above discussion in the following proposition: 

Proposition 7.1. 

(i) Let z G J(Qg). Then the angle(s) of the external ray(s) landing at z is(are) de¬ 
termined by the itinerary(ies) of z, that is by the answer to the purely topological 
question of whether a point in the forward orbit of z belongs to Jf, Jq, or to 
which point of the spine. In particular, two points in the Julia set having the 
same itinerary must coincide. 

(ii) Every infinite sequence ofO’s and 1 ’s can be realized as the itinerary of a unique 
point in J(Qg). 

7.2. Main reduction. A key ingredient in the proof of the main theorem is the 
following reduction step: 

Theorem 7.2. Let 0 < 9, v < 1 be irrationals of bounded type and 6 ^ 1 — v. Then 
there exist continuous maps fg : K(Qg ) —> C and f v : K(Q U ) —> C such that 

fgoQe =Bg !U o( e onK(Qg) / 72 x 

fu°Qu = Bg tV o f v on K(Q V ). 

fe and ( u can be chosen to be quasiconformal homeomorphisms in the interiors of 
K(Qg) and K(Q V ) respectively. Moreover, (g(K(Qg )) U f v (K{Q v )) = C and fg(z) = 
(v(w) if and only if there exists an angle t e M/Z such that z = rjg(t ) andw = rj u (—t). 

Before starting the proof, we fix some notation. For simplicity, we set K(Qg ) = Kg, 
K(Q U ) = K u . We also recall the definition of the compact set K(Bg v ) = K 0 „ as the 
set of all points whose forward orbits under the iteration of Bg jU never hit the Siegel 
disk U°°. Similarly, Kf° u = C\ Kg }V is the set of points whose forward orbits never 
hit the “Siegel disk” Uq = D. 


Proof of Theorem [7J§. We begin by constructing Q. The map f v can be constructed 
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0.010 CO CO CO ... 


0.001 CO CO CO ... 

1 2 3 



0.110CO CO CO 

1 2 3 


0.CO CO CO ... 

1 2 3 


0.1 CO CO CO ... 

1 2 3 


FIGURE 13. This picture shows the filled Julia set of the quadratic 
polynomial f g , for 6 = (\/5 — l)/2. The spine is shown by a thick path 
connecting the repelling fixed point (3 to its preimage (3'. Selected rays 
and angles in base 2 are shown. Here to = O.cuiu^uq... is the unique 
angle corresponding to the ray which lands at the critical value. For this 
value of 6 , u> is given by the continued fraction [1, 2, 2, 2 2 , 2 3 , 2 5 ,... ], 
where the powers of 2 form the Fibonacci sequence. Hence uj\ — 1, 
u >2 = 0, UJ 3 = 1, etc. 

in a similar fashion. Consider the modified Blaschke products Qg of ( fS.2| ) and B 0 v 
of (|4.9| ). Since both of these are quasiconformally conjugate to the rigid rotation 
z t—> e 2m0 z on the unit disk, one can dehne a quasiconformal conjugacy (fg : B —*■ D 
between them, which extends homeomorphically to a conjugacy (g : D D. This Qo 
can be extended to the union of the closures of all drops of Q d by pulling back. To 
this end, let U Ll „_ Uk be any drop of Qg of generation k and consider the corresponding 
drop U' i lk of Bg v with the same address. Let n = ti + ■ ■ ■ + tk an d dehne Q : 
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An easy induction on n shows that ( g defined this way is a conjugacy between Qg and 

B e ,u on |J ; . U, ., A U Ll ... Lk which is quasiconformal on the union Ufc U tl ,..., tfc U Ll ... bk = 

int (K g ). 

We would like to extend ( g to a continuous semiconjugacy Kg — > Kg iV . By Propo¬ 
sition |3.8| , every point in Kg is either in the closure of a drop or is the landing point 
of a unique drop-chain. Since (g is already defined on (J ti t it suffices to 

define it at the landing points of drop-chains of Qg. Take a drop-chain C = UK,.* 


which lands at p and consider the corresponding drop-chain of Bg u , C = U K...V 
whose drops have the same addresses. By Theorem Q the diameter of U[ ltk goes 
to zero as k —> oo, hence C lands at a well-defined point p' G Kg v . Define (g(p) = p 1 . 

Evidently Qo defined this way has the property that for any limb of Qg, the 

image (\g(L bl ... bk ) is precisely the limb of Bg v with the same address. We would 

like to show that (g is continuous as a map from Kg into C. Take a point p G Kg and a 
sequence p n G Kg converging to p. When p belongs to the interior of Kg continuity is 
trivial. So let us assume that p G dKg. By Proposition [3^, we have two possibilities: 

• Case 1. p is the landing point of a drop-chain C = \J k U bl ,,, bk . Fix a multi-index 
L\... Lk and observe that p belongs to the wake W Ll ,,, bk . Therefore, for n large enough, 
Pn G which implies (g(p n ) G V Ll It follows that dist(Ce(p), (e(Pn)) < 

diam(L' 1 Since diam(L' 1 ) —> 0 as k —> oo by Theorem |5T] , we have (g(p n ) —^ 


(g(p) as n —> oo. 

• Case 2. p belongs to the boundary of a drop U bl ,,, bk of Qg of smallest possible 
generation. It might be the case that p is the root of a child U bl ___ bkbk+1 in which case 
p = dU bl ... bk fl dU bl ... bkbk+1 . If for all sufficiently large n, p n belongs to U bl ... bk (or to 


U, 


■i-k ^ B bl . 


•^k^k+l 


if p is the root of (J, 


t\ ...Lkhk- 1-1 


), then Ce{Pn) —>■ Ce(p) is immediate. 
Hence it suffices to prove the convergence in the case p n ^ U Llmmmbh (or p n ^ U LlmmmLk U 
U 


L\...ikhk-\-l 


if p is the root of U, 


i\ 1-1 


). Under this assumption, it follows from p n —> p 
that p n belongs to a limb L{n) with root x{n) G dU bl _,_ bk (or x{n) G dU bl ,_, bk LidU bl „, bkbk+1 
if p is the root of U bl „_ bkbk J such that x(n) —>■ p as n —> cxd. Then (g(p n ) belongs to 
the limb L'(n ) of Bg jU with the same address as L{n) whose root x'(n) = (g(x(n )) 
converges to Q(p) as n — > oo. Since diam(L / (n)) —> 0 by Theorem |5TT| , we must have 
(g(p n ) —>► Ceip) as n —> oo as well. This finishes the proof of continuity. 

We can define Q and prove its continuity in a similar way. It is clear from the 
above construction that the semiconjugacy relations ( |7.2| ) hold and (g(Kg) = Kg u 
and similarly ( V (K U ) = Kg° v . 

It remains to prove the last property of (g and Q. Consider the spines Sg and S u 
for Qg and Q u as in subsection [7T] and map them to get simple arcs = (g(Sg) and 
E u = (g(S u ) (compare Fig. |TDD . Set 


E — Tig U Ej,. 
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Lemma 7.3. Two simple curves Eg and E„ do not intersect except at the two end¬ 
points (3 and /3'. Hence E is a Jordan curve on the Riemann sphere. 

Proof. Clearly the intersection E g fl E„ is a subset of dKg )t/ fl E. Every point in the 
latter intersection is either (3 or (3', or is a preimage of 1 or c, where c is the critical 
point of B d l , on the boundary of U°°. Since 1 and c have disjoint forward orbits, the 
conclusion follows. □ 


Now consider the four connected sets 


K = Ce(Ji), K = M) * = 0 , 1 , 

where J l g and J* are the subsets of the Julia sets J(Qe) and J(Q U ) we defined in (|7.1|) . 
Let 

X = {1 = xi, x n , xm,... ,x 2 , x 2 i,x 2 n, ■ ■ ■ } 


and 


Y — {c — xj* 3 , x 


OO 

1115 


OO OO OO J 

• 5 x 2l5 x 21l5 • • • J 


be the preimages of the critical points 1 and c along E. It is clear from the definition 
that 


IcAjflAjclU Y, 
Y cA"nAjciu Y. 


But in fact we have the following much sharper statement: 


Lemma 7.4. With the above notation, we have 

Ag n Ag = A° n A* = x u y. 

Proof. Take a point y 6f and assume that B g n v (y) = c. By Lemma |0|, there are 
exactly two drop-chains which land at the critical point c from different sides of Y u . 
Then the pull-backs of these drop-chains along the orbit y,Bg v {jj),... ,B g n v {y) = c 
give two drop-chains which land at y from different sides of Y v . These drop-chains are 
clearly subsets of the compact set ily The fact that they land at y from different 
sides of Y u implies y G A° fl hf. The proof of the other equality is similar. □ 


Corollary 7.5. With the above notation, we have 


Ag = A^ and Ag = A °. 

Proof. Let C \ E = 0\ U 0 2) where Oi are disjoint topological disks with Ag C 0\ 
and Ag C 0 2 . Taking the orientations on the sphere into account, we have Aj, C 0\ 
and A° C 0 2 . Since AgUAg = A°UA^ = OKq ,„ and AgflAg = A° flA^ by Lemma [74 , 
it follows that Ag = Aj, and Ag = A°. 


□ 
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We can now define the itinerary of a point p G dKg v with respect to Eg by looking 
at the points in the forward orbit of p and deciding whether they belong to Ag, Ag, or 
to AgflAg. As in the discussion of itineraries for the points in the Julia set J(Qg) (see 
subsection o, we may face an ambiguity in defining the digits when some forward 
iterate of p, say p n , belongs to Ag fl Ag. In this case, we perturb p n to obtain a 
pair of nearby points in Ag and Ag and keep iterating the two points to decide to 
which piece of the Julia set they belong. After a finite number of iterations, we are 
off the spine £ and the rest of the itinerary can be defined in an unambiguous way. 
Since dKg t v = dKf° v by Corollary [IT], a similar procedure can be used to define the 
itinerary or two itineraries of p with respect to E v . In short, 

Proposition 7.6 (Two or four itineraries). Let p G dKg v . Then, either p is not a 
preimage of 1 or c in which case it has unique itineraries £g with respect to Eg and 
e v with respect to E u , or p is a preimage of l or c in which case it has two different 
itineraries £g,£' e with respect to ’Eg and £„,£'„ with respect to E u . 

Since the i-t\i digit of the itinerary or itineraries of a point p with respect to Eg is 
determined by the condition Bg z u (p) G Ag or Ag, and similarly for the itineraries with 
respect to £„, we have the following consequence of Corollary |73| : 

Proposition 7.7 (Eg- and £ v -itineraries have opposite digits). Let p G dKg u have 
itinerary £g(p) = (eo> £i, £ 2 , ■ ■ ■) with respect to Eg. Then the itinerary of p with 
respect to E u is obtained by converting all 0 ’s to 1 ’s and all 1 ’s to 0 ’s in £g. In other 
words, £v(p) =£g(p) = (e 0 , £i ,£ 2 , ■ ■ ■ ), where e* = 1 — e*. In the case where p has two 
itineraries, we have £ v (p) = £e(p) and £' v (p) = e'o(p)- 

The following lemma is a straightforward consequence of the above construction: 

Lemma 7.8 (Itineraries match). Let z G Kg and p = (g(z) G K 0v . 

(i) Suppose that z is not a preimage of the critical point 1. Then the unique itinerary 
of z with respect to Sg coincides with £g(p) when p is not a preimage of c, and 
it coincides with one of the two itineraries £g(p) or £ r g(p) when p is a preimage 
of c. 

(ii) Suppose that z is a preimage of 1. Then the two itineraries of z with respect to 
Sg coincide with the two itineraries £g(jp) and £g{p)- 

Corollary 7.9 (Itineraries determine points). Two points in dKg^ u with the same 
itinerary with respect to Eg or E v must coincide. 

Proof. Let p, q G dKg v and assume for example that £g{p) = £o(q)- When p (hence q) 
is a preimage of 1 or c, it is easy to see that identical Eg-itineraries implies p — q. So let 
us assume that p and q are not preimages of 1 or c. Since (g : Kg —> Kg u is surjective, 
we have p = Ce( M ) an d q = (e(v) for some u, v G dKg = J(Qg). By the above lemma, 
u and v have the same itineraries with respect to Sg. By Proposition 0(0 , U = V. 
Hence p — q. □ 
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Now consider two points 0 G Kg and w G K v such that 0 = rjg(t) and w = ) for 

some i G T. Set p = (g(z) and q = Cv( w )- The binary digits (£o, £i, £ 2 , ■ ■ ■) °f the angle 
t form an itinerary of z with respect to Sg. Since t = 0 .£o£i£2 ■ ■ ■ in base 2, —t has the 
binary expansion 0 .£o£i£2 • • • • Hence (£o,£i,£ 2 , • • •) is an itinerary of w with respect 
to S v . Thus by Lemma [77|, e e {p) = (£ 0 ,£i,£ 2 , • • •) and s v (q) = (£ 0 ,£i,£ 2 ,...). By 
Proposition 0 £g(q) = (£0, £1, £2, ■ ■ ■), which means p and q have the same itinerary 
with respect to Eg. This, by Corollary B implies p = q. 

Conversley, assume that (g(z) = ( u (w) = p. We consider two cases: First assume 
that p is not a preinrage of 1 or c. Then it follows from Proposition 0 that £g(p) = 
£ u (p) = (eo) £1, £ 2 , ■ ■ •) and these itineraries are unique. By Lemma E3, (eo, £ i, £2, ■ ■ ■) 
is the S',?-itinerary of z and (eo,£i, £2, ■ ■ ■) is the ^-itinerary of w. Setting t = 
0 .£q£i£ 2 ■ ■ ■ in base 2, we have z = rjg(t) and w = r) v (—t) and we are done. Next, 
assume that p is a preimage of, say, 1. Then, as 1 and c have disjoint orbits under 
Bg tU , p cannot be a preimage of c. This implies that z is a preimage of the critical 
point 1 of Qg and therefore has two itineraries, and w is not a preimage of the critical 
point 1 of Q v and so has a unique itinerary. Let w = r] u (—t), where the unique t G T 
has binary expansion t = 0.e 0 ^i^2 • • • • By Lemma ff~8| . £ v (p) = (ifo, £1, £ 2 ,...) is one of 
the Ej,-itineraries of p. Hence by Proposition |T 77 | , £g(p) = (£0, £1, £2, ■ ■ ■) is one of the 
Eg-itineraries of p. Therefore, by another application of Lemma ff78j (£0, £1, £2, ■ ■ ■ ) is 
one of the two Sg-itineraries of z, implying z = rjg(t). 

□ 


This covers all the cases and completes the proof of Theorem 7.2 


We conclude with the following: 

Corollary 7.10 (At most three points). Let p G dKg tU . Then (g L (p) U CL 1 (p) con ~ 
tains at most 3 points. 


Proof. Since p has at most two itineraries with respect to Eg and two itineraries 
with respect to E„, Lemma [778] and Proposition o imply that Cg 1 (p) and Q 1 (p) 
each contain at most two points. So to prove the corollary, we assume by way of 
contradiction that there are four distinct point zi,z 2 G Kg and £3, £4 G K v such that 
Ce(-i) = Ce{z 2 ) = Cu{z z ) = Cv{za) = P- By Theorem [77^, all four points have to be 
biaccessible. Pick, for example, z\ and 23 and note that they eventually map to the 
critical points of Q u and Qg [ZaTl I . Hence p = (g(zi) eventually maps to the critical 
point 1 of Bg yl/ and p = Cu{zQ also maps to the critical point c of Bg tV . This is clearly 
impossible since c and 1 have disjoint orbits. □ 


7.3. End of the proof. We can now prove the main theorem of this paper: 

Theorem 7.11 (Bounded type Siegel quadratics are mateable). Let 0 < 9, v < 1 be 
two irrationals of bounded type and 9 ^ 1 — v. Then the quadratic polynomials fg 
and f v are topologically mateable. Moreover, there exists a quadratic rational map 
F such that F = fg U f v . Any two such rational maps are conjugate by a Mobius 
transformation. 
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Proof. The last assertion is immediate since every quadratic rational map with two 
fixed Siegel disks of rotation numbers 6 and v is holomorphically conjugate to the 
normalized map Fy v defined in ( [2.1| ). By Definition Ila of the introduction, it suffices 
to construct continuous maps ipg : K(fe) —> C and <p v : K{f u ) —> C with the following 
properties: 

(a) ip e o f e = F dtU o ip g and f v = Fg tV o ip v . 

(b) MK(fe))U<P»(K(f v ))=C. 

(c) (fg and ip u are conformal in the interiors of K(fg ) and K(f u ). 

(d) <pe(z) = (p v {w) if and only if z and w are ray equivalent. 

It is clear from the preceding discussion what these maps should be. By the surgery 
construction of subsections [h5] and |4.2| , there exist quasiconformal homeomorphisms 
ifg, if v , if : C —> C such that 


fpe°Qe = 
ifv oQu = 

i>oBg }U = Fg v O if. 

Consider the semiconjugacies fg and f v of Theorem E3 and define 


(7.3) 


fs = "0 ° Ce ° ‘‘I’o 


-1 


-1 


Properties (a) and (b) above are immediate consequences of the corresponding prop¬ 
erties of (g and stated in Theorem fT2[ So to finish the proof, we must show (c) 


and (d). 

To show (c), recall the surgery construction of subsection Consider the Douady- 
Earle extension Hg used in defining the modified Blaschke product Qg in (|3.2| ). The 
invariant conformal structure erg on the unit disk D is given by the pull-back of the 
standard conformal structure cr 0 under Hg. Similarly, we have the Douady-Earle 
extension Hg v for the linearizing homeomorphism of Bg v : T —> T used in defining 
the modified Blaschke product Bg yV in ( |4.9|) , and the invariant conformal structure 
crg )V on D as the pull-back of cr 0 under Hg tU - Both Hg and Hg >u conjugate Qg and 
Bg v to the rigid rotation 0 i—»• e 2m9 z. By definition of (g, we have fg = Hfl o Hg 
on D. This means that fg pulls <7g. v back to er g on the unit disk. It follows that the 
composition ipg — ip o fg o iff 1 on D pulls cr Q back to cro, hence it is conformal there. 
Then (a) and the fact that fg and Fg t v are holomorphic show that fg is conformal in 
the interior of K(fg). A similar argument applies to f u - 

To show (d), we note that the quasiconformal conjugacies ifg and i/y are conformal 
outside the filled Julia sets, so they preserve the external angles. Therefore 7 g = 'ifgorjg 
and 'fv = where 7 g and 7^ are the Caratheodory loops of J(fg) and J(f u )- By 

Theorem fE2| , <pg(z) = implies that z = 7 g(t) and w = 7 v (—t) for some t e T, 

which means z and w are ray equivalent. The converse statement is almost immediate 
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because if z G K(fg ) is ray equivalent to w G K(f u ), the same is true for 
and Since every pair of ray equivalent points of the form (rjo(t), r/„(—f)) is 

mapped to the same point under (Ce,Cu), the same must be true for arbitrary pairs 
of ray equivalent points. Hence Co(i>g 1 ( z )) — Cuif’f 1 ^)), or <pg(z) = ip v (w). This 
proves (d), and finishes the proof of the Main Theorem |7. 1 1| . □ 


8. Concluding Remarks 


In this section, we discuss some corollaries of Theorem |7. 1 1| . In particular, we 
describe the nature of the pinch points already observed in Fig. j|. Then we prove a 
number-theoretic corollary of the topological mateability part of Theorem 7. 1 1| which 
is related to the rotation sets of the angle-doubling map on the circle. Finally, we 
conclude with a discussion of the special case of a self-mating fg U fg and mating f g 
with the Chebyshev polynomial z ^ z 2 — 2. 


8.1. Ray equivalence classes and pinch points. Consider two irrationals 6 and 
v of bounded type, with 6 1 — u, and the quadratic polynomials fg and f v and the 

rational map Fg v . Let 

K(Fg^) = {z G C : The orbit {Ff n u (z)} n > 0 never intersects A 00 }, 
and similarly 

K°°{Fg jV ) = {z G C : The orbit {F™ v (z)} n > 0 never intersects A 0 }. 

(In Fig. ]2j these two sets are the compact sets in black and gray respectively.) As 
we have already noted in the introduction, K(Fg t „) is not a full set. In fact, it is 
evident from Fig. |2] that there are infinitely many identifications between pairs of 
landing points of drop-chains in K(Fg. „) which correspond to the pinch points of 
K°°(Fg tV ), that is the preimages of the critical point c G <9A°°. Similar fact holds for 
drop-chains of K°°(Fg >v ) and the pinch points of K{Fg u ). We gave a precise version 
of this statement in Lemma |6]6|. It follows that every precritical point in the Julia 
set of fg (resp. /„) is identified with the landing points of two distinct drop-chains 
of f v (resp. fg). Theorem [7. 1 1| allows us to determine exactly which two drop-chains 
correspond to the given pinch point. Throughout the following discussion we continue 
using notations from §|7]. 

Recall that the quasiconformal conjugacies ifg (between Qg and fg) and by (between 
Q u and /„) in ( |7.3|) are conformal in the basins of infinity, so they preserve the ray 
equivalence classes. From this fact and Corollary |7.10| . it follows that for the formal 
mating of fg and /„, every ray equivalence class intersects K{fg) U K(f u ) in at most 
three points. Let E denote the intersection of a ray equivalence class with the union 
K (fg) U K(f u ). We only have three possibilities for E: 

• Case 1. E = {z,w}, where z G K(fg) and w G K(f u ) are both the landing points 
of unique rays, hence z = 7 g(t) and w = 7 v (—t) for a unique t G T. 
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• Case 2. E = { z, z', it;}, where z, z' G K(fg ) are both the landing points of unique 
rays and w G K(fv) is biaccessible, hence a preimage of the critical point of f v . In this 
case, there exist s, t G T such that z = 7 e»(s), z' = 7 g{t), and w = 7 „(—s) = 7 

• Case 3. E = {z, w,w'}, where z G K(fg) is biaccessible, and w,w' G K(f u ) are 
both the landing points of unique rays. In this case, there exist s,i G T such that 
z = 7o(s) = 7sW, w = 7!/(-*), W = 7 

Corollary 8.1 (Pinch points in K{Fg v )). The compact set K(Fg u ) is homeomor- 
phic to the quotient of the filled Julia set K(fg) by an equivalence relation ~ defined 
as follows. Two points z z' in K(fg) satisfy z ~ z! if and only if they are the 
landing points of unique rays at angles s, t G T, z = 7 g(s), z' = 7 g(t), such that 
7 p(—s) = 7 u(—t). Every non-trivial equivalence class of ~ contains exactly two points 
which are necessarily the landing points of two distinct drop-chains of fg. 

Proof. Since tpg : K(fg) —> K(Fg v ) is a surjective map, K(Fg v ) is homeomorphic to 
K(fe)/ rs./ ^ where z ~ z' if and only if z and z' belong to the same fiber of ipg. By 
the above discussion ( Case 2), for distinct points z 7 ^ z', we have <pg(z) = <pe(z') if 
and only if there exist w G K(f v ) and distinct angles s,t G T such that z = 70 (s), 
z f = 7 g(t), and w = 7 ^(—s) = 7 p(—t). In this case in is a preimage of the critical point 
of /„. Both z and z* are landing points of distinct drop-chains of fg, for otherwise z 
or z! would belong to the closure of a drop (Proposition |3T8|) , hence <pg(z) = c pg{z!) 
would eventually map to the boundary of the Siegel disk A 0 of Fg v . On the other 
hand, <fg(z) = yfiw) eventually maps to the critical point of Fg v on the boundary 
of A°°. This would contradict <9A° n dA°° = 0. □ 

This completely describes which identifications are made in K(fg) in order to obtain 
K(Fg } „): Take any precritical point in the Julia set of /„ and calculate the angles s, t of 
the two external rays landing on it. Then find the landing points of the external rays 
at angles — s and —t for fg, which are ends of distinct drop-chains, and identify them in 
K{fg). This creates a “pinch point.” After all such possible identifications are made, 
we obtain a homeomorphic copy of K(Fg ll ). Note that not all the landing points of 
drop-chains of fg undergo this identification, simply because there are uncountably 
many drop-chains and only countably many pinch points. 


8.2. Rotation sets of the doubling map. The angle u = u>(6) of the external ray 
landing at the critical value of the quadratic polynomial fg may be described in terms 
of the rotation sets of the angle-doubling map on T defined by m 2 : x 1 —> 2x (mod 1). 
A subset E C T is called a rotation set if the restriction of m 2 to E is order-preserving, 
with m 2 (E) C E. It is easy to see that in this case E must be contained in a closed 
semicircle. Hence the restriction m 2 \ e can be extended to a degree 1 monotone map 
of the circle, which has a well-defined rotation number, denoted by p(E) G [0,1). The 
following theorem can be found in [jBS]: 
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Theorem 8.2 (Rotation sets of the doubling map). 

(i) For any 0 < 9 < 1 there exists a unique compact rotation set Eg C T with 
p(Eg ) = 6. When 6 is rational Eg is a single periodic orbit of m 2 . On the 
other hand, when 9 is irrational, Eg is a Cantor set contained in a well-defined 
semicircle [u / 2, (u; + l)/2], with {u>/2, (cu + l)/2} C Eg, and the action of m 2 on 
Eg is minimal. In this case the angle u ; can be computed in terms of 9 as 

« = J2 2 T ( 8 U 

0 <p/q<9 

where the sum is taken over all (not necessarily reduced) fractions p/q. 

(ii) For every 0 < u < 1, the semicircle [cu/2, {u + l)/2] contains a unique compact 
minimal rotation set E u . The graph of u> 1—> p(E u ) is a devil’s staircase. 


The mapping u> 
the limbs of the Mandelbrot set 


p(E u ) is intimately connected with the parameter rays defining 

psi 


Now consider the quadratic polynomial fg for an irrational 9 of bounded type. 
Then the Julia set J(fg) is locally-connected, and the boundary of the Siegel disk A 
of fg is a quasicircle passing through the critical point 0 (compare Theorem 3A and 
Theorem |3.1(j| ). We know that 0 is the landing point of exactly two external rays at 
angles u/2 and (a; + l)/2, where 0 < oj < 1. Define 


E = {te T : 7 g (t) G <9A}. 

It is easy to see that E is compact and contained in the semicircle [u/ 2, (a; + l)/2], 
hence by the above theorem, E = E u . On the other hand, the order of the points in 
the orbit {/<9 n (0)} n >o on the boundary <9 A determines the rotation number 9 uniquely 
|dMvS| . At the same time this order coincides with the order of the orbit of uj under 
m 2 on the circle. It follows that p(E UI ) = 9. 


Corollary 8.3. When 0 < 9 < 1 is an irrational of bounded type, the angle 0 < 
oj(9) < 1 of the external ray landing at the critical value of the quadratic polynomial 
fg is given by dor 


It is interesting to investigate number-theoretic properties of the numbers c a(9) 
when 9 is irrational. For example, it follows from the above discussion that for 
irrational 0 < 9 < 1, 00 (9) is also irrational. When 9 is of bounded type, we have the 
much sharper statement that c o{9) is not (2 + (v^5 — l)/2 — h)-Diophantine for any 
5 > 0 m ■ In particular, by Roth’s theorem, a j(9) is transcendental over Q. The 
topological mateability part of Theorem |7. 1 1| allows us to draw a further conclusion: 


Theorem 8.4. Suppose that 0 < 9, is < 1 are irrationals of bounded type, with 9 
1 — v, and consider the angles u{9) and u{y). Then the equation 

2 n co(9) + 2 m u j(v) = 0 (mod 1) 

does not have any solution in non-negative integers n,m. 


( 8 . 2 ) 
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Note that the condition 9 ^ 1 — v is necessary because u>(9) + u;(l — 9) = 1 . Also, 
when 9 = v this theorem is only saying that u(6) is irrational, a fact that is clear 
from Theorem |8.2| . 


Proof. Suppose that (|R^ ) holds for some n,m. Set t = oj{9)/2 m 1 so that — 2 n+m t = 
2 m ui(v) (mod 1). Let z = 7 e (t) G J{f g ) and w = 7 v (-t) G J(f v ). Then fg m (z) = c e 
is the critical value of fg and ff n+m {w) = ff m {c u ) belongs to the forward orbit of 
the critical point of f v . By Theorem mFe, V = f8 Lj f„, so tpg(z) G J{F e , v ) and 
<p v (w) G J(Fe tV ) eventually hit <9A° and <9A°° respectively. But 2 and w are ray 
equivalent, so <fg{z) = <f v {w) by Theorem [T.ll| . This contradicts <9A 0 n<9A°° = 0. □ 


8.3. Mating with Chebyshev quadratic polynomial. When 9 — is, the self¬ 
mating F = Foo — fo U fo given by Theorem |7.11| has a natural symmetry, i.e., it 
commutes with the involution X : z 1 —> \fz of the sphere. As was apparently first 
observed by C. Petersen, if we destroy this symmetry by passing to the quotient space, 
we can create new examples of mating. 

Consider the quotient of the Riemann sphere by the action of X. The resulting 
space is again a Riemann surface conformally isomorphic to the sphere C. Since 
F o X = X o F, there is a well-defined rational map G which makes the following 
diagram commute: 

C ——»• C 


c —^ c 

ffere 7 r:C—>C/Z~Cis the degree 2 natural projection. Chasing around this 
diagram shows that G is a quadratic rational map which clearly has one Siegel disk 
of rotation number 9. Therefore this way of collapsing the sphere identifies the two 
critical points of F but creates a new critical point of its own. It is not hard to check 
that G is Mobius conjugate to the map 

AlZ 

Z ^ ((1 + z) + e 2ni6 (l — z)) 2 ’ (8 ' 3) 

with a fixed Siegel disk centered at 1. The critical point c\ = (e 2,r * e + l)/(e 2?ne — 1) 
of this map has the finite orbit ci 00 1 —> 0. The second critical point C 2 = —c\ 
belongs to the boundary of the Siegel disk (compare Fig. 0 ). 

Recall that the Chebyshev quadratic polynomial is f cheh : z z 2 — 2. It is easy 
to see that the filled Julia set K(f cheb ) = J(/ cheb ) is the closed interval [—2,2], Its 
Caratheodory loop 7 cheb : T —> J(/ che b) is simply given by 7 C heb(^) = 2 cos t, hence 
7cheb (t) = 7 cheb (s) if and only if t = -s. 

We would like to show that G is the mating of fg with / cheb . Recall that 70 is the 
Caratheodory loop of J(fg) and (fg : K(fg) —■> C is the semiconjugacy between fg and 
F given by Theorem |7.11| . Denote by (f\ the composition tt o (f g : K(fg) —> C, which 
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FIGURE 14. The Julia set of the mating fg U / cheb , where 6 = ( y/E— 1)/2 . 

To get a better picture we have conjugated the map in ( |8.3| ) by w = 
l/(z — 1) so as to put the center of the Siegel disk at infinity and the 
finite critical orbit at ( e 2md + l)/2 i—► 0 i—> — 1. 

conjugates fg to the quadratic rational map G. It is clear from the symmetry of the 
construction that 

Ml o{~t)) = l(<po(To(t))) 

for all t G T. It follows that the composition tpg o y e conjugates the map t t—> — t 
on T to the involution X. Hence it descends to a map (p 2 '■ K(fcheb) —>■ C which 
conjugates / cheb to G. It is easy to check that the pair (yq, Lp 2 ) satishes the conditions 
of Definition Ha of the introduction. Hence, 

Theorem 8.5 (Mating with the Chebyshev map). Let 0 < 9 < 1 be any irrational 
of bounded type. Then there exists a quadratic rational map G such that 

G — fg U / cheb - 

Moreover, G is unique up to conjugation with a Mobius transformation. 
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